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Abstract
Passive dynamic walking models remarkably predict gait behaviour such as walk-run
transition speeds, preferred step length, stride frequencies and - with the inclusion
of springs - ground reaction forces. Muscular or neurological conditions may lead
to asymmetric walking characteristics that, in turn, come with long term health
risks. Gait analysis may be used to understand an individual patient’s conditions to
help rehabilitate them. However, people adapt their kinematic and kinetic walking
patterns so it can be hard to distinguish the effects of gait alterations such as inertial
imbalance or injury. In this thesis a compass walking model with no active controllers
is explored to understand the dynamics of gait. To help us interpret the effects of mass
imbalance with a prosthetic foot or orthotic device, asymmetric loading conditions
are investigated. A simple spring-mass walking model is used to explore the effects
of altered touch-down angles and effective leg stiffness to see if these are used as
strategies to alter the characteristics of gait. Results show that an asymmetric touch-
down angle alters step length while retaining a symmetric stance time. A hybrid
model is then derived with springs to emulate human-like ground reaction forces and
asymmetric inertial loading of the legs. Results support previous research that push-
off from the trailing leg propels the leg mass more than the body mass. Higher rates
of joint forces, larger step lengths and a longer stance time on the residual limb may
be due to the prosthetic leg stiffness or the higher location of centre-of-mass. These
results help us understand how the dynamic components affect gait characteristics
such as step length, stance time and walking speeds. This work is motivated by the
needs of persons with disabilities and by the desire to understand human walking.
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Chapter 1
Introduction
Walking is a process which people can do autonomously and requires balance and
coordination between multiple limbs. The main aim for locomotion is to walk with
minimum energy costs for a large period of time and with a stable, steady gait. Gait
rehabilitation may involve surgery, physiotherapy, prosthetics or orthotics to give
support and mimic an intact limb to walk cosmetically, reduce pain or walk more
efficiently [30]. There are a number of factors that may affect gait characteristics
such as pain, discomfort, neurological diseases and muscular conditions [148]; however
the individual contributions are not well understood. The aim of this thesis is to
investigate how the kinetic or kinematic biomechanics are affected by the purely
dynamic principles of gait, assuming that human control is not a factor. This will
give good insight and understanding into what may affect the passive mechanical
principles of walking dynamics and will ultimately help experts make decisions in
rehabilitation or the design of assistive devices.
Using dynamic models can help give valuable insight when understanding the
biomechanical principles of ambulation to design better robotics, orthoses, prosthetics
and aid in gait rehabilitation. Types of models used in gait research range from
the simple inverted pendulum [76, 74] to complex musculoskeletal models [84, 135].
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(a) (b) (c)
Figure 1-1: The human leg system may be analogous to simple models such as (a)
the compass model, (b) the spring-loaded inverted pendulum or (c) the proposed
spring-loaded compass walking model with rolling contact on curved feet.
Simple models are sometimes preferred because they reduce intricacies and have fewer
unknown parameters. Stripping away the complexities allows a better understanding
of the mechanics during walking without the inclusion of human neuromotor controls
that alter impaired gait dynamics [102]. The inverted pendulum is commonly used to
simulate the centre of mass (COM) trajectory during a walking step [124]. There has
been expansive research into passive dynamic walking [94] and even the comparisons
of this model to human experiments [17, 75, 81]. Recently, research has shown how
a spring-loaded inverted pendulum can provide better estimations for the ground
reaction forces (GRFs) [39, 81]. However, there has not been a lot of work done
to investigate the asymmetry of gait using these models [55, 137]. Prosthetic leg
rehabilitation makes use of the roll-over shape concept to improve an amputee’s gait
and symmetrise leg kinematics [18, 106], however the weight of the leg [78, 122],
stiffness of the prosthesis [32, 151, 33], amongst other factors [148] lead to different
dynamics and hence different objectives for gait rehabilitation.
In this thesis, a passive compass walking model (Figure 1-1a) is adapted to include
asymmetric masses and roller feet comparable to the human roll-over shape [47, 2].
This will be used to give an in-depth analysis of the effect of changing the inertial
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characteristics of the legs. A spring-mass walking model (Figure 1-1b) is then used
to investigate asymmetric spring stiffnesses to understand human locomotion which
is lacking in the passive support and propulsion provided by the muscles. As spring-
loaded inverted pendulum models do not incorporate leg masses, a new model is
derived (Figure 1-1c) which has the main purpose to examine the effect asymmetric
leg inertias have on the GRFs and swing dynamics. The research in this thesis
takes advantage of passive dynamic and spring-mass walking models to mimic the
musculoskeletal lower limb system with reduced degrees of freedom and predict the
dynamics of gait. Results are assessed by studying gait characteristics such as step
length, stance time and walking speeds to inspect asymmetries and resultant outcomes
between the limbs. To gain extra insight, these results are compared to human
experiments to gain appreciation of the comparisons to human gait and assess the
limitations of the models. Taking advantage of this insight into underlying dynamic
principles will help us understand biomechanical locomotion for the use of clinical
experiments and as a reference in the design of assistive devices in future such as
prosthetics, orthotics or exoskeletons.
1.1 Aims & objectives
The overall objective of this thesis is to use dynamic walking models without con-
trollers to understand and quantify the mechanical effects of asymmetric gait. The
types of dynamic models used are the passive walker (PW), the spring loaded inverted
pendulum (SLIP) and a combined spring loaded passive walker (SLPW) model. The
aims can be further broken down into a set of achievable goals:
1. Establish how well a model with no controllers predicts gait kinematics.
2. Investigate the effect asymmetric inertial loading conditions have on gait char-
acteristics.
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3. Ascertain if the roll-over shape may be used to improve model predictions.
4. Research the effect of effective leg stiffness or altered touch-down angle as con-
trols for gait alterations.
5. Derive the combined spring-mass/compass walking model to better predict gait
dynamics.
6. Evaluate the effect of asymmetric leg weights on the gait characteristics and
GRFs.
1.2 Thesis layout
A review of the current literature is reported in Chapter 2. It begins by establishing
the defined stages of gait for a healthy individual and investigates methods of gait
analysis in the laboratory. Focus is directed to introduce models that may be used to
predict gait dynamics. These range from the simple inverted pendulum to complex
musculoskeletal models and interest is directed towards passive dynamics and spring-
mass models. The symmetry of healthy gait is evaluated and the effects of prostheses
on gait characteristics is discussed.
A new model is proposed in Chapter 3 which is adapted from the compass walker
to include asymmetric masses and rolling contact analogous to the human step (called
the roll-over shape). Bifurcations of gait characteristics caused by variations of leg
inertia and roller radii are investigated. A single leg is modified to see how it affects
the gait asymmetries.
Chapter 4 investigates the spring loaded inverted pendulum model to match the
ground reaction force pattern of human walking trials and explore the effects of asym-
metric effective leg stiffnesses. The effect of an altered touch-down angle at each step
is evaluated and the reasoning that this may be used as a control strategy is given.
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Chapter 5 extends this work by effectively combining both models from Chapters
3 & 4 to produce a new model. This representation has the purpose to improve gait
predictions and investigate the effects of asymmetric leg masses on GRFs and walking
characteristics. Novel formulation of conservative collision mechanics are derived and
results are compared with the previous models.
Chapter 6 concludes this work to offer clinical insights and assess limitations of the
models. Future recommended work includes approaches to improve/adapt the model
and recommendations to incorporate this work to improve research on prosthetics or
musculoskeletal models.
1.3 International contributions from work
• Published paper
– W. G. Charles, P. Mahmoodi, R. S. Ransing, I. Sazonov & M. I. Friswell
(2016). Comparison of point foot, collisional and smooth rolling contact
models on the bifurcations and stability of bipedal walking, European Jour-
nal of Computational Mechanics, 25:3, 273-293. DOI: 10.1080/17797179.2016.1191122
• Dynamic Walking conferences
– Research poster - Optimising prosthetic feet using roll-over shape and spring
stiffness to achieve symmetric walking. 4-7 June 2016. Michigan, USA.
– Presentation - A passive spring-mass model with leg masses to investigate
the ballistics of swing dynamics. 4-9 June 2017. Mariehamn, Finland.
• ACME UK 23rd Conference on Computational Mechanics
– Presentation - Computational Modelling of Prosthetic Feet. 8-10 April
2015. Swansea, Wales.
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Chapter 2
Literature review
This chapter will begin by enabling us to gain an understanding of the basic biome-
chanical principles of healthy gait. Although the particular gait characteristics change
from person to person, there is a standard definition of the normal human gait cycle.
Section 2.1 outlines what information is gained from human experiments, different
methods of gait analysis and why it is performed. If the norm for walking character-
istics is understood, a patient’s gait can be evaluated - better attention can be given
to correct a person’s gait.
Consideration is given to the roll-over shape - the effective rocker a person’s lower
limb system conforms to during the stance phase of walking. This is commonly
ignored in simple pendulum models, however is shown to have remarkable consistency
in human walking trials and provides a benefit to the metabolic energy cost of walking.
Section 2.2 evaluates current models that predict human walking and how insight
into underlying biomechanical principles has found use in the field of robotics or
general gait rehabilitation. These models range from the simple inverted pendulum
model to more complex musculoskeletal anatomical models. A lot of the research into
passive walking comes from the intended application of robotics that are inspired by
human locomotion. These models are way of simplifying the processes of gait to
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provide a better understanding of the inertial dynamics of locomotion.
It is noted in Section 2.3 that normal walking is not completely symmetric; al-
though in some purposes it is sufficient to assume so. Greater asymmetries in gait
dynamics may be caused by a mass imbalance of the two legs from devices such as
prosthetic feet, orthoses or exoskeletons. These effects will be investigated - with
close attention given to the rehabilitation of healthy gait dynamics.
2.1 The biomechanics of walking
Bipedal walking results from a complicated process involving the brain, spinal cord,
nerves, muscles, bones and joints [148]. Walking is a complex activity, which is still
relatively not well understood and efficiencies are gained from a combination of evolu-
tion and self-learning. Not only that, it is difficult to define normal walking dynamics.
Gait patterns vary to a great degree between some individuals [129] and it is believed
that people will perform work with their muscles asymmetrically for support and
progression [116]. Also, counter-intuitively, patients do not always optimise gait by
minimising energy consumption - opting to expend more energy to maintain their
kinematic pattern [122]. Reasons for this are unclear, however are often attributed
to reducing discomfort, joint pain or to walk symmetrically for cosmetic reasons [75].
One approach to understand the biomechanics of walking is to strip down the
complexities and analyse a simple biomechanical model [75, 56]. This is discussed in
Section 2.2. This section, however, investigates the characteristics of normal walking
and the methods commonly used to collect data from human experiments. Represen-
tation of the ground reaction force (GRF) pattern and methods to measure metabolic
energy costs are also discussed.
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2.1.1 Goals of walking
When discussing locomotion from one place to the next, some simple goals for trans-
portation need to be considered:
• Propel the body forward at a desired speed.
• Use the least amount of energy possible.
• Cause the least amount of pain for people with painful conditions.
• Robust against factors in the environment and the ability to recover after a
perturbation.
Types of gaits can vary and include walking, jogging, skipping, running and sprinting.
These have cyclic patterns and each limb completes a cycle in the same length of time.
Walking is the most common type of gait: with the average human walking 10,000
steps a day [140]. A walking gait has a clear double-support phase during each step in
which both feet are in contact with the ground (Figure 2-2). People tend to walk at
preferred locomotion speeds that minimise metabolic energy spent and is comfortable
to maintain for long periods of time [110].
2.1.2 Gait Analysis
Common pathological conditions that affect gait may be neurological; for example
cerebral palsy, spastic hemiplegia, spastic diplegia, parkinsonism among other condi-
tions. In this case, accurate diagnosis may only be possible using the techniques of
systematic gait analysis [148]. Comparatively, gait abnormalities due to more periph-
eral disorders, such as diseases of the joints, tend to be much easier to identify. These
biomechanical abnormalities may cause discomfort [28] and increase risks of further
injury [114].
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Gait analysis is a method for identifying and assessing lower limb dysfunctions
in dynamic movement and loading. Patients are asked to walk in a biomechanics
lab with motion capture markers placed on standard anatomical landmarks for point
of reference. Biomechanical information is collected, including joint positions, joint
velocities and GRF data. Skilled professionals are required for conventional gait anal-
ysis as the dynamics of walking are very complex and it can be hard to extract useful
information from gait experiments. Gait analysis also requires accurate equipment
and may be a long process, which will affect a patient’s recovery time if it is needed
for diagnosis. The force platform is used to measure the GRF and map the centre of
pressure (COP) of the foot during the gait cycle. Inverse kinematics may be used to
estimate joint torques, knowing the geometry of the joints in relation to each other
and GRF data.
Figure 2-1: The gait cycle divided into different events according to Perry [107].
(Obtained from Sto¨ckel et al. [136].)
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The gait cycle can be separated by different events as shown in Figure 2-1. The
normal timing of these events as a percentage of the full gait cycle (heel contact to
opposite heel contact) are [148, 107]:
• Stance phase
– Initial Contact - 0%
– Loading Response - 0-10%
– Midstance - 10-30%
– Terminal Stance - 30-50%
– Pre swing - 50-60%
• Swing phase
– Initial Swing - 60-70%
– Mid Swing - 73-87%
– Late Swing or Terminal Swing - 87-100%
The gait cycle is a periodic pattern involving steps and strides. Figure 2-2 shows a
standard stride and the approximate percentage of each step. A step is defined as the
time taken from heel-strike to opposite heel contact, a stride is the whole gait cycle
until the original leg makes contact with the ground again. The double-support phase
occurs when both feet are in contact with the ground and takes up approximately
10% of each step. Stance phase is defined as when the foot is on the ground and
comprises of about 60% of the gait cycle. The foot that is in the air and not in
contact with the floor is said to be in the swing phase of gait.
Joint kinematics is the study of the spatio-temporal positions and angular dis-
placements of different joints in relation to each other during motion. Joint kinetics
deal with the actions of forces in producing or changing the motions of the joints.
In short, kinematics describe the movement (displacement, time, velocity), kinetics
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Figure 2-2: Infographic for the phases of the step during the gait cycle. Grey shading
signifies stance time and white for swing time. The first ∼10% of a step is in double-
support.
is the study of forces that cause motion (torque gravity, friction). In the study of
gait, patterns repeat during the gait cycle and there is a typical relationship for the
motion of walking at different speeds. An example of a typical kinematic and kinetic
pattern is shown in Figure 2-3.
During gait analysis Ground Reaction Forces (GRFs) are measured using force
plates that the patient has to step on while performing an activity to measure a
response of loading. These force platforms usually measure in 3 dimensions XYZ
and may be installed in treadmills [68]. The typical form of the vertical GRF during
walking is an M-shaped curve with two peaks as can be seen in Figure 2-4. The second
peak being the similar value to the first at self-selected speeds. At slow speeds, the
peak forces are less distinct, and at higher forces, the first peak is larger, while the
second peak of the vertical GRF is lower.
GRFs may help us understand the acceleration of the COM and how the body
redirects it during the various stages of gait. Most people have asymmetric GRFs
between each leg [51] so these results should be kept in mind for rehabilitation with
patients recovering from neuromuscular or musculoskeletal injuries/diseases.
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Figure 2-3: Mean and 3σ (shaded) joint angles and torques from 120 unperturbed
(red) and 519 perturbed (blue) gait cycles. Subjects walked on a treadmill and
were longitudinally perturbed during stance phase with random fluctuations of the
treadmill belt speed. (Obtained from Moore et al. [100].)
2.1.3 Muscle activation and metabolic energy costs
Muscles produce forces to support the body and work to lift and propel the body
[115, 84]. Liu et al. [83] suggest that a relatively small group of muscles provides
most of the forward progression and support needed for normal walking. Zelik et al.
[153] shows that a 6 Degree of Freedom (DOF) kinematic analysis has a better energy
estimate than a 3 DOF analysis for estimating biomechanical work.
Steady state walking is a cyclic action in which mechanical energy of the body
remains relatively constant. An inverted pendulum model is often used to describe
the energetics of gait, with the majority of work being performed during double-
support [11, 76]. However, net work output by muscles is highest while the COM
moves upwards in early single-limb support even though kinetic and potential energy
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Figure 2-4: A standard Ground Reaction Force (GRF) plot normalised by stance time
and body weight. The solid line represents the vertical GRF, dotted line the fore-aft
horizontal GRF.
is exchanged [101]. Muscle mechanical energy cost is dominated not only by the need
to redirect the COM in double support but also by the need to raise the COM in
single support. High power action of the ankle extensors during late stance has been
noted in research [24, 82], which causes a redirection of the body COM just before
touch-down of the leading leg. This push-off before heel-strike is also shown to have
a positive effect on the efficiency of bipedal robotics by decreasing the collisional loss
at heel-strike [73].
One of the most important goals of walking from an evolutionary perspective, is
to minimise energy spent to travel [110]. Metabolic powers can be derived from mea-
surements of oxygen consumption and carbon dioxide production [6]. Net metabolic
powers during walking are calculated by subtracting metabolic power during walking
from metabolic power during standing. Energy efficiency can also be represented by
the cost of transport (COT), which is expressed as energy spent per unit of distance
travelled. The metabolic energy required for people to walk is mainly influenced by
walking velocity and body mass, while the COT is influenced by walking velocity and
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leg length [69].
2.1.4 Finding the COM of the human body
From a mechanics point of view, it is important to find the COM which is a function
of the positions and inertial properties of all of the limbs. During the majority of
gait, the trunk is supported by one leg with the COM not above the base of support.
This means that the dynamics of stance phase is analogous to an inverted pendulum
- an unstable system which requires active control or another mechanism for stability.
Three different techniques are commonly used to calculate the body’s COM [38].
The sacral marker method estimates the whole body COM motion by tracking the
position of the reflective marker on the sacrum of subjects as they walked. The sacrum
being a large triangular bone at the base of the spine, between the two hip bones of the
pelvis. The body segmental analysis technique determines the COM from a weighted
average of the centres of mass for each body segment. Anthropomorphic data from
standard tables are used to estimate the mass ratios and locations of COM for each
body segment [105, 119]. The third technique involved calculating the COM motion
through double integration of force platform data. Gard et al. [38] compared these
techniques at finding the vertical excursion of the body COM and found that at slow
speeds all three techniques are similar, however at higher speeds the sacral marker
significantly overestimated the vertical excursion of the body’s COM compared to the
other two methods. Rabuffetti and Baroni [109] evaluated the difference in assuming
the COM is fixed onto the pelvis (approximate) and the method of finding the COM
by dividing the body into 16 segments and determining their inertial properties from
anthropometric studies (analytical). They determine that the COM approximate
estimation is less accurate, but may be worth implementing depending on the type
of experiment as it may reduce complexity.
Zatsiorsky and Seluyanov [150] use bony landmarks as reference points for locating
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the COM of body segments. de Leva [20] improves on this and provides tables that
gives good inertial parameters of body segments based from joint centres that are
more commonly used by researchers today. Schu¨ler [119] provides a more recent
comparison of different approaches to estimate body segment parameters.
2.1.5 Walking vs. Running
A running gait is defined to have a stance phase with only one limb touching the
ground and an aerial phase in which no limbs are in contact with the ground [31]. At
a speed of greater than 2–2.5m/s people tend to prefer running instead of walking.
At this transition a running gait is more energy efficient; with velocity, body mass
and leg length being the main influences for metabolic energy cost [69].
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Figure 2-5: Energy efficiencies of walking and running at different walking speeds
show that running is optimal while moving faster than ∼ 2.5m/s. The blue line
shows walking energy relationship E˙w (Equation 2.1). The red line shows the running
relationship E˙r (Equation 2.2). These equations and associated variables are obtained
from Long and Srinivasan [85].
Long and Srinivasan [85] used a quadratic function to fit energy expenditure for
walking and running with speed and this can be seen in Figure 2-5. The walking
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metabolic rate can be expressed as
E˙w = a0 + a2v
2 (2.1)
using a0 = 1.91 W kg
−1, a2 = 1.49 W (ms−1)−2. For running, while it is hard to
distinguish between linear and quadratic models using metabolic data, the quadratic
model for running is given by
E˙r = b0 + b1v + b2v
2 (2.2)
with b0 = 5.17 W kg
−1,b1 = 1.38 W (ms−1)−1 and b2 = 0.34 W (ms−1)−2 and all
values obtained from Long and Srinivasan [85].
A characteristic of walking is that the foot lands on the heel, while in a running
gait the foot contact is further forward, closer to the ball of the foot. The standard
model used to simulate simple walking is the inverted pendulum with locked knees,
while the running model is usually a spring-loaded inverted pendulum with unlocked
knees like a pogo stick.
2.1.6 Roll-over shape
During stance phase, a person’s lower limb system conforms to an effective rocker from
initial heel-strike to contralateral heel contact. The roll-over shape is found by taking
measurements of the hip, knee, ankle, and centre of pressure (COP) during walking
and defining a local coordinate system along the shank of the leg (Figure 2-6). This
rocker or roll-over shape determines the trajectory of COM that a person conforms
to during walking. Studies have found that the roll-over shape of non-disabled lower-
limb systems does not change appreciably with walking speed [47], shoe heel height
[45], while carrying extra weight [46] and walking on inclined surfaces [48]. The roll-
over shape may be a simple tool in order to asses a person’s gait and for the design
and evaluation of lower limb prosthesis [18].
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Figure 2-6: Roll-over shape is obtained from motion capture data and represents an
effective rocker during stance phase. (a) Markers show the trajectory of the ankle
and hip, while force plates obtain the COP locations in a laboratory based coordinate
system. (b) Trajectory of COP plotted in a local coordinate system aligned with the
stance leg.
Adamczyk et al. [2] found the effective rocker radius to minimise metabolic con-
sumption is approximately 1/3 of the leg length. They also found that larger arc radii
resulted in smoother collisions. Wang and Hansen [145] experimented with people
walking wearing rocker shoes of different radii. They confirmed that the ankle re-
sponded to changes in rocker shoe radius and walking speed to maintain a consistent
ankle-foot roll-over shape. Additionally, it seems the largest changes to kinematics
were at the ankle joint, rather than knee flexion, hip flexion or pelvic obliquity. This
study suggests that consistent ankle-foot roll-over shapes for walking are not simply
by-products of consistent ankle kinematics. The specific reason for consistent roll-over
shapes is still relatively unknown, however this phenomenon may help us understand
the biomechanics of walking and a constant roll-over shape may be used to simplify
passive models.
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2.2 Predictive models for walking
Although a vast amount of information is gained from experiments on humans, it
can sometimes be difficult to gain understanding of the underlying biomechanical
principles involved [17]. Experiments may only tell us so much and it is not easy to
define the gold standard for healthy walking. Sometimes muscles may not perform as
intended due to injury or birth abnormality. Analogous computational models can
help us understand the dynamics involved in human locomotion [75]. This section
outlines some biomechanical models which may simulate the human system during
walking. Multibody musculoskeletal simulations consist of representations of bones,
muscles, ligaments and other structures. Calculations of joint moments generated by
muscles can be used to explore the effects of changing musculoskeletal geometry and
other model parameters. Simple models range from the inverted pendulum model and
can increase in complexity by adding the swinging leg, knee or ankle joints, motor
elements or compliant links between the joints.
2.2.1 Musculoskeletal models
Musculoskeletal models such as AnyBody [19], BoB [128], LifeMOD, SIMM [21] and
OpenSim [13] (Figure 2-7) use inverse dynamics to estimate the control systems in-
volved in human gait. By taking a skeleton and muscle system with realistic human
properties and applying the same GRFs and kinematics from experimental motion
data, these models use a controller to estimate the joint torque and muscle power
required to perform the same motions. However, it is not easy to predict controller
changes with external perturbations or injuries without running another individual’s
experiment [86, 129].
These multibody simulations have clinical implications in decision-making pro-
cesses and have capabilities in industry including simulating movements such as
walking, running, jumping, cycling and weight lifting among others. In the field
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Figure 2-7: OpenSim, University of Stanford [13]. Experimental data such as body
kinematics or GRFs are input into a dynamic model which depicts physiological-
like muscles and ligaments. Muscle powers and joint moments are estimated from a
forward dynamic simulation.
of rehabilitation, these models have been used to understand crouch-gait [135].
The properties of these musculoskeletal models are usually based on cadaver data
and scaled to fit an individual patient based on simple linear scaling laws [29]. This
means that, although some good insight may be gained of the biomechanical principles
during movement tasks, a model will not accurately represent an individual patient.
There is also a lack of consistency among models and output differences are not simply
an artefact of naturally occurring differences between individuals [144]. That work
can be useful for understanding contributions from individual muscles and for gait
rehabilitation [138]. Although this insight is useful for ergonomics, orthopaedics and
occupational health; variations can exist due to uncertainty in marker position [87]
or over-fitting of the data.
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2.2.2 Inverted pendulum and compass gait
The six determinants of gait was among the early concepts for understanding energy
usage during walking. The hypothesis behind this theory was that in order to conserve
as much energy as possible; the human system would try and minimise the amount
centre of mass (COM) excursion during gait. As the body performs work in order to
raise the position of the COM, it seems intuitive that keeping the COM level during
walking would minimise energy costs. It would later be discovered that humans do
not maintain a constant COM height and do, in fact, follow a cyclic trajectory with
the COM being raised and lowered during each step.
Figure 2-8: Inverted pendulum model to describe the arc formed by the trajectory of
the centre of mass (COM) during the single-support stance phase of walking.
The stance phase of a gait can be envisioned by the inverted pendulum (Figure
2-8), with the COM at the hip, the leg being a rigid link and the foot pivoting on
the floor [9, 10, 99]. The body behaves like an inverted pendulum rotating about
the stance foot, while the swing leg behaves like a regular pendulum about the hip.
An inverted pendulum theory provides a good model for walking mechanics; the
mechanical energy remains consistent, with work being performed during double-
support phase to redirect the trajectory of the COM between each stance phase.
McGeer [94] discovered the passive dynamics of walking by building a walking
mechanism that could traverse down a slope with no controllers or actuators. A
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schematic of this can be seen in Figure 2-9. This mechanism propels itself forward due
to gravitational and inertial effects, exhibiting a gait comparable to that of a human.
To negate foot scuffing during leg swing, raised platforms were used in experiments.
Walking on a slope has the effect of supplying potential energy as energy is lost, with
energy losses mainly resulting from collisions as the foot impacts on the ground. A
steady symmetric gait is maintained when collisional energy is lost at the same rate
potential energy is gained.
α
g
α α
Figure 2-9: A passive dynamic walking with a point mass at the hip and a point mass
for each leg. Releasing it on a slope with stable initial conditions it will walk with a
steady, symmetric gait with potential energy gained from the slope and energy spent
mainly through collisional losses as the leg makes contact with the ground.
The step-to-step transition is an unavoidable energetic consequence of the inverted
pendulum gait [74]. As the swing leg makes contact with the ground, it is assumed
that an instantaneous and inelastic collision occurs and the trailing leg loses contact
with the ground. The double-support phase time is considered negligible in compu-
tations for the biped’s dynamics. Although passive dynamics minimises mechanical
energy losses during the stance phase; energy is used by the biped to redirect the
COM during the instantaneous double-support phase.
Kuo [73] applied a torque to the stance leg and an impulse applied immediately
before heel-strike to explore powered walking. It was discovered that pre-emptive
push-off can reduce the COM redirection vector of the collision by as much as a factor
50
of two, which results in a factor of four reduction in the energy dissipated during the
collision. Kuo et al. [76] suggests that a substantial metabolic cost is associated with
walking like an inverted pendulum. The work performed on the COM in step-to-step
transitions can be estimated experimentally [24]. Adamczyk and Kuo [1] examined
the pendulum model’s predictions for how the COM is redirected between arcs and
although the model predicts trends in COM velocity and work, the non-rigid human
leg performs the step-to-step transition over a considerable fraction of the gait cycle
(approximately 20-27% of a stride). Also, while the inverted pendulum with a rigid
leg support has been commonly used to describe gait, this model does not match
the correct ground reaction forces due to the assumption that the leg is rigid [39].
An instantaneous, inelastic collision is not necessarily a good assumption for human
gait. Spring-Loaded Inverted Pendulum (SLIP) models have a defined double support
phase and are discussed more in Section 2.2.5.
Inverted pendulum models have been shown to predict many aspects of human
walking mechanics including walking speed frequency [5], walk-run transition speeds
[66], preferred walking speed – step length ratios [72], the influence of preferred step
width [22], stability [37] and the relation between work-rate and stride frequency
[97]. While passive dynamic walking models are inspired by human locomotion, these
models may also be used to understand human gait mechanics. Collins [17] focuses on
the function of arm swinging, balance and fall risk among the elderly and improvement
in prosthetic foot design. Kuo and Donelan [75] suggests that these dynamic models
should not be considered a solution to rehabilitation on its own, but as a useful
starting point for experimental enquiry.
2.2.3 Limit cycles and stability
Even though the dynamics of the passive walker during the stance phase is a chaotic
double-pendulum system, the walker settles onto a periodic cycle at each step [40].
As the slope angle increases (or variation of another parameter), the walker settles to
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a 2-period bifurcation and walking dynamics become asymmetric, as shown in Figure
2-10. This may increase up to n-period gate until chaotic walking and then the biped
becomes unstable.
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Figure 2-10: Period doubling of stable walking motions in the simple compass walker.
Dotted line represent stable limit cycles. (Obtained from Garcia et al. [37].)
An active area of research is to linearise the system [37, 154]. By linearising
the equations of motion, analytical methods can be used to quantify the level of
stability and robustness, which equates to the ability to keep walking under random
perturbations. The motivation for understanding this stability was often in the field
of robotics. If the robot encounters unexpected knocks in the real world, such as
surface friction, strong winds, tripping up on objects or walking on uneven terrain it
will be beneficial to be able to maintain a steady walking condition without falling
over. The most robust walking parameters are not necessarily found from the best
linearised stability, as it is not comparable to the basin of attraction (BOA) stability
[120]. If the initial conditions of the walker lie within the BOA, the model reaches
a stable limit cycle without falling over. Bruijn et al. [7] notes that falling poses a
major threat to the steadily growing population of the elderly and provides a review of
different stability measures. Existing stability measures include zero moment point,
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Floquent multipliers and basin of attraction and disturbance rejection criteria [52].
2.2.4 Other extensions to the compass walking model
As discussed in Section 2.1.6, the human neuro-musculoskeletal system conforms to
rolling contact while walking. Most passive dynamic walkers use point feet as a
simplification to the walking dynamics, however the shape of the foot has been shown
to have a direct effect on the gait behaviours [89]. A passive biped may have flat
feet [63, 146] or arc feet [58] and comparisons between them have been published
[77, 61], showing that curved feet can increase the stable walking range and basin of
attraction with flat-feet also providing an advantage over point foot by less collisional
losses. Wisse et al. [149] investigated how flat feet with ankle springs can mimic
arc-shaped feet. They discovered that spring stiffness has a similar effect to the foot
radius and similarly it reduces sensitivity to perturbation and hence improves its
disturbance handling.
Robots based on passive dynamics use small active power sources to walk on level
ground [15]. Extensive work has been done to increase the complexity of the simple
passive walker in other ways: Adding a torso to the upper body with the effect of
increasing stability [14, 82]; Extending the model from 2D to 3D to add the frontal
plane [42, 49]; Adding more passive elements to the walking model such as dampers
and knees [16, 139]; Adding a damper to the hip to increase robustness and stability
[41] etc. Some robots based on passive dynamics use knees to negate foot scuffing
and have a more human-like looking gait. Song et al. [134] found that a spring for the
swing leg - rather than a rigid pendulum - gives a better estimation of the trajectory
and kinetics of the leg. Work has do be done by the walker to make up for collisional
energy losses and maintain a steady gait. An impulse at the foot demonstrates how
elastic ankle work can improve the efficiency of gait [152]. If the impulse is activated
shortly before contralateral heel-strike, it can potentially reduce the collisional energy
losses [73].
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2.2.5 Spring loaded inverted pendulum
The inverted pendulum model for the stance phase of human gait assumes that the
support leg is rigid. This is not the case, as the human leg is compliant during the
gait cycle [1]. Experiments have shown that the tendon of the gastrocnemius medialis
muscle absorbs and releases energy elastically during walking [35]. From this it can be
deduced that walking efficiency does not just depend on how close the COM trajectory
follows an inverted pendulum arc, but also how the lower leg musculoskeletal system
performs contractile forces to support and displace the body. Although the inverted
pendulum model assumes that the majority of work is performed during the double-
support to redirect the trajectory of COM velocity [23, 73]; Neptune et al. [101]’s
work suggests that a large amount of metabolic energy is used to raise the COM
during early single-stance. This suggests the inverted pendulum model may not be
the best approximation as it assumes a rigid support and minimal work done during
the stance phase.
Spring loaded inverted pendulum (SLIP) models are usually used to model running
gaits and correctly match the ground reaction forces. In research, running analysis
is typically done on a SLIP, while walking is done on a rigid inverted pendulum.
Figure 2-11 illustrates how the inverted pendulum model with a rigid link does not
correctly match experimental GRFs, however a spring-mass inverted pendulum model
is commonly used to simulate running dynamics. Note that the horizontal GRF, Fx,
for the running spring-mass system in Figure 2-11 does not comprehensively match
the ‘wiggle’ at the start of the step. This ‘wiggle’ in the experimental data may be
due to effects not simulated in the spring-mass model such as vibration of the force
plate or effects of the heel making contact with the ground before the ball of the foot
[67, 65, 141].
Geyer et al. [39] used a simple bipedal spring-mass model to show that compliant
legs are essential to obtain the basic mechanics and GRF behaviour of human walking.
This model found stable walking with two equal peaks for the vertical GRF that
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Figure 2-11: The inverted pendulum and spring-mass system are the standard models
for walking and running respectively. The model-predicted stance dynamics (red
lines) only fit experimental data (black lines) for the running model. (Obtained from
Geyer et al. [39].)
defines the known M-shape. This suggests that the leg behaves pseudo-elastically
during the stance and double-support phases.
Whittington and Thelen [147] investigated the GRFs of a simple mass-spring
model with roller feet and observed a similarity with human walking. They evaluated
the effect of roller radius, impact angle and leg spring stiffness and compared with
human COP excursions. In this model, both the limb stiffness and limb impact angle
needed to be adapted to match speed-related changes in GRFs. Both Geyer et al. [39]
and Whittington and Thelen [147] assume that the leg spring velocity is zero when
the leg is vertical - leading to a minimum in the GRF plot at mid-stance. However
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this is not always the case as proven in Figure 2-12 taken from Rummel et al. [113],
where the vertical velocity at mid-stance may be adapted with the touch-down angle
of the swing leg.
Figure 2-12: Stick figures (left) of walking patterns with different apex conditions.
The emphasised events in the left column are touch down (TD), the instant vertical
leg orientation (VLO) and lift off (LO) of the stance leg. The right column shows
normalised ground reaction forces of a complete gait cycle, with the black leg being
the GRF of the stance leg and the overlaid grey line being the GRF of the opposite
leg. (Obtained from Rummel et al. [113].)
By using experimental gait data, comparisons can be made between the spring-
mass model and the human system. Using Hooke’s law for a spring, F = kx, taking x
is the distance between COM and COP (effective spring length) and F from the GRFs,
the effective original rest length and spring stiffness, k, can be found. Lipfert et al.
[81] used experimental data to fit the spring-mass model for walking and running.
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The model parameters such as weight, leg rest length and effective leg stiffness were
obtained through measurements and experimentation. Through this analysis they
found that the spring-mass model gave accurate results at typical walking speeds
(1.04 m/s and 1.55 m/s), but linear-spring like behaviour can not be assumed for all
walking speeds. At very slow and very fast walking conditions, the force-length curve
for the effective leg length exhibited a non-linear relationship.
2.2.6 Virtual Pivot Point
Animals and humans have been shown to point the GRF vectors above the COM
towards a virtual pivot point (VPP) [93]. This creates a stable system, conceptualised
with the analogy of a rocking boat; the centre of buoyancy counters the tipping
forces due to gravity. The VPP approach does not use postural feedback to explain
dynamic stability. This is a concept which may help us discover insight into the
stability of gait; by taking unstable dynamics (an inverted pendulum) and converting
it into an analogous stable system (regular pendulum). In the case of an uncontrolled
inverted pendulum model, the GRF vectors point directly towards the COM and the
angular momentum is conserved. Similar to the spring-mass model, the VPP concept
describes how mechanical behaviour rather than a control algorithm can produce
stability. Although VPP is a single position, the forces do not need to be directed
towards this single point, rather generally point above the COM to produce a torque
opposite of the centre of gravity moments. Sharbafi and Seyfarth [126] model the
human locomotor system as three basic sub-functions: Support from an elastic leg,
leg swing dynamics and balancing. They use the bipedal trunk spring loaded inverted
pendulum (BTSLIP) model as seen in Figure 2-13.
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Figure 2-13: Schematic describing the Bipedal Trunk Spring Loaded Inverted Pendu-
lum (BTSLIP) model. Locomotion is characterised by elastic axial leg function, leg
swinging and balancing. (Obtained from Sharbafi and Seyfarth [126] and originally
Lipfert [80].)
2.3 Asymmetry of walking
Asymmetric walking mechanics may be a product of stroke, injury, diseases of the
joints, neuromuscular disorders etc. Persons walking with prosthetic feet have a
shorter stance time on the prosthetic and higher peak forces on the contralateral intact
limb. For amputees the aim of rehabilitation should not always be to symmetrise gait,
as the temporal asymmetry can be considered a sensible adaptation to the impairment
due to the prosthesis [53].
Some researchers suggest that healthy walking is not symmetric; one leg is more
responsible for propulsion, while the other is responsible for support [130]. Sadeghi
et al. [116] perform a review of symmetry and limb dominance in able-bodied gait.
They suggest that although symmetry is often assumed to simplify data collection
and analysis; able-bodied gait is naturally asymmetrical and may be associated with
the different contributions of the lower limbs in carrying out propulsion and control.
One limb is mainly responsible for supporting the body, while the contralateral limb
contributes more to propulsion [115]. Herzog et al. [51] suggests that normal walking
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is asymmetric and this should be kept in mind when trying to achieve gait symme-
try for patients recovering from neuromuscular or musculoskeletal accidents/diseases.
However, Ankaral et al. [3] believe that although dynamical asymmetry in walking
is significant and statistically distinguishable, ignoring these asymmetries in walking
may be advantageous; providing not only modelling convenience, but also a more
consistent and predictive model. Passive walking models also predict asymmetric
walking due to 2-period bifurcations at faster speeds [43, 44], a behaviour described
in Figure 2-10.
2.3.1 Amputee gait
Amputees are highly susceptible to fall related injury while ambulating [142] and most
amputee patients are over the age of 55 [96]. Amputees walk with an asymmetrical
gait, which may lead to future musculoskeletal degenerative changes [8, 71, 28, 114].
Both stability and adaptability of coordination are reduced in people walking with
prosthetic feet. Amputees may have an increases risk of falling because their walking
pattern is less stable across a wide range of velocities and less adaptive to variations
in walking velocity. The stance time of the prosthetic leg is significantly shorter
than that of the normal leg [4, 59, 91, 25]. The reasons for the different stance
times are unclear but are usually attributed to pain or discomfort in the residual
limb, instability within the socket, lack of feedback regarding foot position, strength
decrements on the prosthetic side, and/or reduced confidence in supporting body
weight on the prosthetic leg. [92]
Schaarschmidt et al. [118] notes that deficits of a prosthetic leg such as missing
active knee extension and ankle push-off are compensated by the intact leg. Altered
touch-down angle for the prosthetic enables forward propulsion while load bearing is
largely shifted to the intact leg. Snyder et al. [133] tested the effect of five different
prosthetic feet on the gait and loading of the sound limb. Their results (in agreement
with others [108, 27, 118]) indicate that the sound limb is susceptible to increased
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vertical forces during loading, despite a reduced walking velocity; with the exception
of the Flex-Foot, which they note has a flexible long keel and large arc of dorsiflexion
motion. Hurley et al. [57] supports that amputees have a more asymmetrical walking
pattern than non-amputees, but claim that the forces acting across the joints of the
contralateral limb are not significantly higher than that of a non-amputee. Nolan
et al. [103] is in agreement that transtibial amputees experienced a greater GRF peak
on their intact limb compared to their prosthetic, and while this was also observed
for transfemoral amputees, the difference was not significant.
2.3.2 Prosthetic leg mass imbalance
Designers of prosthetic feet are more inclined to use lightweight materials, being about
30-40% times the weight of an effective physiological foot [92]. Using lightweight pros-
theses has previously been suggested as a contributing factor to walking asymmetries,
however when the prosthetic leg is loaded as the same as the intact leg, the energy
cost of walking increases [132]. Distally positioned prosthesis masses result in higher
metabolic costs of walking, whereas proximally positioned prosthesis masses had less
effect on metabolic costs of walking [36, 78, 123]. Mattes et al. [92] also found that
matching the moments of inertia for the prosthetic and intact lower legs resulted in
greater asymmetry and higher energy cost. These results support the hypothesis that
matching the inertial characteristics of the legs do not result in a more symmetrical
gait. Selles et al. [122] sought out to find if a perturbation of a different weight of
a prosthetic foot would influence the kinematics (joint angles) or the kinetics (joint
torques) of the joints during the walking cycle. This study suggests that transtibial
amputees predominantly adjust to mass perturbation with a kinematic invariance
strategy in which joint kinematics (walking speed, stride length and stride frequency)
remain the same after mass perturbation, whereas joint torques changes. In other
words - an amputee will expend more energy in order to maintain the same joint
angles during walking gait. It is unknown why this strategy is employed as these
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results suggest minimisation of energy expenditure is not a driving mechanism. One
reason may be that the amputee would want to walk cosmetically similar to non-
amputees or match the prosthetic leg kinematics to the contralateral leg. Smith and
Martin [131] recommends at least 5 minutes of walking for individuals to become well
accommodated to asymmetrical changes in lower extremity inertial properties.
Mahmoodi et al. [90] used a passive bipedal walker model to investigate gait char-
acteristics of asymmetric masses. Honeycutt et al. [55] showed that stable asymmetric
walking patterns exist for PDW models by changing mass, mass location, knee loca-
tion and leg length of one leg. Rasouli et al. [111] extended previous passive dynamic
models by making the legs asymmetric. They compared the models’ unstable bound-
aries, stable periodic intervals and average velocity of motion. They demonstrated
that asymmetric passive walkers are more sensitive to changes of mass ratio.
2.4 Summary
This literature review evaluates how clinicians and researchers assess a person’s gait
for the use of gait rehabilitation and how biomechanical models are used as useful
tools to investigate muscular work and gait dynamics. Multibody musculoskeletal
simulations provide key insight into the biomechanics of the muscles and joints during
movement, however it is difficult to predict a person’s change in control strategy
following an injury or neuromuscular disease. The symmetry of gait was also assessed
in this review, with some researchers supporting the concept that normal walking is
asymmetric. However, these asymmetries are small compared to asymmetry of gait
behaviour resulting from injury, neuromuscular diseases, prosthetic feet or orthoses.
For amputees, symmetrising the gait characteristics may not be the recommended
method of rehabilitation [53]. A prosthetic foot has a different weight compared to
an intact foot and this has a direct effect on the stance and swing dynamics of gait.
The inability for a prosthetic foot or orthoses to mimic the contralateral muscular
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contributions mean that a healthy contralateral leg has to perform a different work
pattern than usual, which may lead to further health problems.
Great insight may be gained by understanding asymmetric gait mechanics by
using dynamic walking models. Merker et al. [95] used a bipedal spring-mass model
to investigate asymmetries in touch-down angle, leg stiffness and system energy. They
state that considerable differences between the contralateral legs can be tolerated and
in some cases actually improve the robustness of the system dynamics. Rasouli et al.
[111] use a passive dynamic walker with asymmetric leg mass positions claiming that
asymmetric passive walkers are more sensitive to changes in mass ratio. Honeycutt
et al. [55] also investigates asymmetric passive walkers but with changes in parameters
such as mass, mass location, knee location and leg length of one leg. Their motivation
is to analyse the passive dynamics of walking separate from cognitive control to test
different gait rehabilitation hypotheses.
Research on using dynamic principles to understand asymmetric gait is lacking.
Not only can this research into passive dynamics be expanded on further, but insight
can also be gained by understanding the GRFs of asymmetric walking characteristics.
Existing passive walking models do not simulate the human-like double-hump GRF
(Figure 2-4), while spring-mass systems have not modelled individual leg masses and
have not been used to investigate asymmetric leg inertias. The investigation into the
effects of asymmetric gait dynamics to provide insight into gait rehabilitation is novel
and is presented in this thesis. It is important to note that dynamic walking is only
one of many possible approaches. These simple principles do not offer a solution to
gait rehabilitation but these insights should be integrated into clinical observations
and controlled experiments.
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Chapter 3
Asymmetric passive dynamic
walker
As discussed in Section 2.2.2, a passive dynamic walker can traverse down a slope with
remarkable human-like behaviour. With the COM following an inverted pendulum arc
and the majority of energy transfer happening at the double-support, these dynamics
can give us an insight into the underlying biomechanics of gait [17, 75]. These models
have sometimes been used to investigate asymmetric gait behaviour. Sushko et al.
[137] altered the knee position of an asymmetric passive dynamic walker and showed
that, contrary to traditional prosthetic designs, the prosthetic knee may not need to
be in the same position as an intact knee to achieve optimal gait. Mahmoodi et al.
[89] used a passive walker (PW) to in investigate the effect of roll-over shape on the
characteristics of gait. Rasouli et al. [111] used a PW with asymmetric leg masses
to study the chaotic and periodic behaviour. This chapter will focus on the effect
of asymmetric leg conditions on the symmetry and stability of gait of the passive
walking model. Close attention is given to the resultant gait characteristics and the
effects an altered leg has on the healthy contralateral leg.
A passive dynamic walker model with incorporated rolling contact is used in this
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chapter to simulate bipedal walking dynamics. A circular foot shape has been shown
to match the kinematics of the lower limb system [45, 2] and can mimic the trajectory
of the COM during stance phase [94, 77]. The model set-up and derivations are
explained in Section 3.1. Model parameters are selected to be close to ‘normal’
subject’s gait characteristics in Section 3.2.1. Justification is made for adding a
rocker to the end of the leg to simulate the roll-over kinematics. Comparisons are
made with the point foot and walking with rocker feet in Section 3.3. In Section 3.4.1,
a single leg’s mass ratio and length ratio is altered to see the effect of asymmetrical
inertial characteristics between the legs. In section 3.4.2 the effect of changing the
roll-over shape’s radius of curvature of one foot is investigated to see the effect this
has on the dynamics of gait for the affected and unaffected legs.
3.1 Equations of motion for the passive walker
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Figure 3-1: A schematic of the proposed smooth rolling passive walker with unbal-
anced masses.
The governing equations of the model consist of non-linear differential equations for
the stance phase (Section 3.1.2) and algebraic equations for the double-support tran-
sition (Section 3.1.3). A schematic of the biped model is shown in Figure 3-1. The
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model’s configuration can be described by θ1 being the angle made between the sup-
port leg with the normal to the ground and θ2, the angle between the support leg and
the non-support swinging leg. The state vector q associated with the model is then
q = [θ1, θ2]
T (3.1)
The motion of the stance leg is determined by the roll-over shape, which has the
form y = f(x) in the reference frame defined {x, y} in Figure 3-1. The analogous
reference frame {x′, y′} represents the non-support swinging leg. Let point mass m1
be located at point P1 having fixed co-ordinates [x1, y1] in the {x, y} reference frame
and point mass m2 be located at point P2 having fixed co-ordinates [x
′
2, y
′
2] in the
{x′, y′} reference frame. The third mass m3 is located at the hip joint P3 at the
centre of rotation between the {x, y} and {x′, y′} reference frames and having the
same co-ordinates, [x3, y3] in the both frames. The global coordinates of each mass
can be described by the {X, Y } reference frame, aligned along the ground slope and
its origin defined so that the point of contact with the floor, s(θ1), is 0 when θ1 = 0.
3.1.1 Rolling contact
Roller feet provide better simulations of the inverted pendulum trajectory of the
COM and progression of COP under the human foot during stance [47]. Figure 3-2
represents the location of COP. The point that the foot is in contact with the floor
is defined by xθ and yθ in the coordinate system aligned with the stance leg, {x, y}:
xθ(θ1) = R sin(θ1) (3.2)
yθ(θ1) = −R cos(θ1) +R (3.3)
where R is the radius of curvature of the rolling contact. In terms of the location of
contact in the global coordinate system, {X, Y }, the point of contact with the ground
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Figure 3-2: COP of the foot contact in the local coordinate system aligned with the
leg is at [xθ, yθ]. The arc length is represented in the global coordinate system aligned
with floor as [sθ, 0].
is characterised by the arc-length of the foot,
sθ(θ) = Rθ (3.4)
3.1.2 Stance phase
The planar double-pendulum equations are adapted to include roll-over support for
the foot contact. Its dynamical equations can be derived from the Euler-Lagrange
approach:
d
dt
(
∂L(q, q˙)
∂q˙
)
− ∂L(q, q˙)
∂q
= 0 (3.5)
where the Lagrangian L(q, q˙) is the difference between kinetic and potential energies
L(q, q˙) = K(q, q˙)− V (q). If the ground plane is at an angle, γ, with the horizontal
plane (γ < 0 if walking downhill as in Fig. 3-1) then the potential energy can be
written with respect to a reference point which is defined as the point of COP when
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the stance leg is at an angle θ1 = 0:
V (q) = m1g(X1 sin γ + Y1 cos γ) +m2g(X2 sin γ + Y2 cos γ) +m3g(X3 sin γ + Y3 cos γ)
(3.6)
with g being due to the gravitational effect and the positions for the points P1 and
P3 are defined by the global coordinates
X1(θ1) = (x1 − xθ(θ1)) cos θ1 + (y1 − yθ(θ1)) sin(θ1) + s(θ1)
Y1(θ1) = −(x1 − xθ(θ1)) sin θ1 + (y1 − yθ(θ1)) cos(θ1)
(3.7)
X3(θ1) = (x3 − xθ(θ1)) cos θ1 + (y3 − yθ(θ1)) sin(θ1) + s(θ1)
Y3(θ1) = −(x3 − xθ(θ1)) sin θ1 + (y3 − yθ(θ1)) cos(θ1)
(3.8)
where functions xθ(θ1) and yθ(θ1) represent the position of roll-over shape in contact
with the floor and are defined with [0,0] being at the end of the leg. Also for the
swing leg P2,
X2(θ1, θ2) = (x2(θ2)− xθ(θ1)) cos θ1 + (y2(θ2)− yθ(θ1)) sin θ1 + s(θ1)
Y2(θ1, θ2) = −(x2(θ2)− xθ(θ1)) sin θ1 + (y2(θ2)− yθ(θ1)) cos θ1
(3.9)
where [x2, y2] are coordinates of point P2 in the {x, y} reference frame are defined by
x2(θ2) = (x
′
2 − x3) cos θ2 + (y′2 − y3) sin θ2 + x3
y2(θ2) = −(x′2 − x3) sin θ2 + (y′2 − y3) cos θ2 + y3
(3.10)
The kinetic energy may be rewritten as
K(q, q˙) =
1
2
m1|v1|2 + 1
2
m2|v2|2 + 1
2
m3|v3|2 (3.11)
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The vectors for velocities of each mass are given by:
~v1 = X˙1~ı+ Y˙1~ (3.12)
~v2 = X˙2~ı+ Y˙2~ (3.13)
~v3 = X˙3~ı+ Y˙3~ (3.14)
By inserting Equations (3.12), (3.13) and (3.14) into (3.11), K(q, q˙) can be rewritten
as:
K(q, q˙) =
1
2
q˙TM (q)q˙ (3.15)
or expanding to separate out θ˙1 and θ˙2
K(q, q˙) =
1
2
M11θ˙1
2
+
1
2
M22θ˙2
2
+M12θ˙1θ˙2 (3.16)
where the values for Mij can be found from:
Mij =
3∑
m=1
mm
(
∂Xm
∂qi
∂Xm
∂qj
+
∂Ym
∂qi
∂Ym
∂qj
)
(3.17)
The equations of motion, derived from the Lagrangian (Equation (3.5)), can then be
described as
M(q)θ¨ +N (q, q˙)q˙ + V ′(q) = 0 (3.18)
M(q) =
M11 M12
M21 M22
 (3.19)
N (q, q˙) =
N11 N12
N21 N22
 (3.20)
V ′(q) =
[
∂V
∂θ1
∂V
∂θ2
]T
(3.21)
with
Nij =
2∑
n=1
∂Min
∂qj
q˙n − 1
2
2∑
n=1
∂Mjn
∂qi
q˙n (3.22)
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3.1.3 The double support transition phase
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Pc
Figure 3-3: Orientation of the biped walker at double-support transition pre-impact.
The transition equations for the point foot model have been outlined previously by
McGeer [94] and Goswami et al. [40]. The PW model has rigid, non-elastic legs and
the impact with the ground is assumed to be instantaneous. At the double-support
phase the COM momentum changes direction. Heel strike occurs when the swing leg
touches the floor and the following conditions are met:
• The swing leg is travelling backwards at the initial contact – θ˙2 is positive at
heel strike.
• The swing leg is in front and has passed the stance leg – θ2 is negative.
The contact made with the floor by the swinging leg results in an instantaneous impact
with no slipping. As the body configuration remains unchanged during impact, the
support leg is switched to the front leg using the function
q+ = Jq− (3.23)
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where the superscripts − and + indicate respectively pre-impact and post-impact
variables and
J =
1 1
0 −1
 (3.24)
The point at which the swing leg makes contact with the floor is donated by Pc
as shown in Figure 3-3, having coordinates [Xc, 0] at heel-strike. The position of Pc
is given by
Xc = (xc − xθ) cos θ1 + (yc − yθ) sin θ1 + s(θ1)
Yc = −(xc − xθ) sin θ1 + (yc − yθ) cos θ1
(3.25)
xc = (xθ2 − x3) cos θ2 + (yθ2 − y3) sin θ2 + x3
yc = −(xθ2 − x3) sin θ2 + (yθ2 − y3) cos θ2 + y3
(3.26)
with s(θ1) given by Equation (3.4). Let P0 be the origin [0, 0] of the next step in the
{X, Y } frame and
P0 = Pc − s2 (3.27)
with s2 being the arc-length of the swing leg the collision.
Although for simplicity, the transition stage is assumed to be instantaneous, it
must be remembered that the hind leg can only leave the ground after the front
leg has made contact and is supporting the walker. During the transfer there is an
completely inelastic collision in which support transfers from one leg to the other.
Derived from the rimless wheel mechanics by McGeer [94], the system must conserve
the following conditions at collision:
• Angular momentum of the whole system about the point of collision.
• Angular momentum of the trailing leg about the hip joint.
Equations (3.28) and (3.29) are obtained by conserving angular momentum, first from
each mass about the collision point Pc and then at the trailing leg about the hip joint
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P3. The coordinates are taken from the leading leg.
m1
−−−→
PcP1 × v−1 +m2
−−−→
PcP2 × v−2 +m3
−−−→
PcP3 × v−3
= m1
−−−→
PcP1 × v+1 +m2
−−−→
PcP2 × v+2 +m3
−−−→
PcP3 × v+3 (3.28)
m1
−−−→
P3P2 × v−1 = m1
−−−→
P3P2 × v+1 (3.29)
With the vectors given by:
−−−→
PcP1 = (X
+
1 − s(θ+1 ))~ı+ Y1~ (3.30)
−−−→
PcP2 = (X
+
2 − s(θ+1 ))~ı+ Y2~ (3.31)
−−−→
PcP3 = (X
+
3 − s(θ+1 ))~ı+ Y3~ (3.32)
−−−→
P3P1 = (X
+
1 −X+3 )~ı+ (Y1 − Y3)~ (3.33)
and the superscripts − and + indicate respectively pre-impact and post-impact vari-
ables. At post impact, P1 becomes the swinging leg and P2 becomes the stance leg.
The conservation of angular momentum leads to the condition
q˙+ =
Q−(θ)
Q+(θ)
q˙− (3.34)
with the pre-impact transfer matrix Q− being
Q−11 = m1
(
∂Y1
∂θ−1
(X+1 − s+))−
∂X1
∂θ−1
Y1
)
+m2
(
∂Y2
∂θ−1
(X+2 − s+)−
∂X2
∂θ−1
Y2
)
+m3
(
∂Y3
∂θ−1
(X+3 − s+)−
∂X3
∂θ−1
Y3
) (3.35)
Q−12 = m2
(
∂Y2
∂θ−2
(X+3 − s+)−
∂X2
∂θ−2
Y2
)
(3.36)
Q−21 = m1
(
~X3X1pre
∂Y1
∂θ−1
− ~Y3Y1pre
∂X1
∂θ−1
)
(3.37)
Q−22 = 0 (3.38)
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and for the post-impact transfer matrix Q−,
Q+11 = m1
(
∂Y +1
∂θ+1
(X+1 − s+)−
∂X+1
∂θ+1
Y1
)
+m2
(
∂Y2
∂θ+1
(X+2 − s+)−
∂X2
∂θ+1
Y2
)
+m3
(
∂Y +3
∂θ+1
(X+3 − s+)−
∂X+3
∂θ+1
Y +3
) (3.39)
Q+12 = m1
(
∂Y2
∂θ+2
(X+2 − s+)−
∂X2
∂θ+2
Y2
)
(3.40)
Q+21 = m1
(
~X3X1post
∂Y2
∂θ+1
− ~Y3Y1post
∂X2
∂θ+1
)
(3.41)
Q+22 = m1
(
~X3X1post
∂Y2
∂θ+2
− ~Y3Y1post
∂X2
∂θ+2
)
(3.42)
3.1.4 Numerical implementation
To solve the stance-phase dynamics outlined in Equation 3.18, the MATLAB ode45
function is implemented to solve the ordinary differential equations [q˙, q¨] using the
Runge-Kutta method. The collision event is enabled when the touch-down conditions
are met and Pc = 0. A diagram of the order of a single walking step can be seen in
Figure 3-4. Before results are evaluated, the model is given a random set of initial
conditions q0. If the walking model falls over in under 200 steps, a different set of
random initial conditions is given. This continues until the model reaches a stable
walking solution (defined in Section 3.2.2) or no stability is found within 500 attempts.
Figure 3-5 demonstrated a flowchart indicating the algorithm implemented.
Single-
support
phase
q = [θ1, θ2]
Touch-
down
event
Momentum
transfer
Figure 3-4: Flowchart of a complete walking step in the PW model. Can be integrated
as the ‘Complete Walking Step’ block in Figure 3-5.
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Next
parameter
Start
Random
initial
conditions
Complete
walking
step
Has
walker
fallen
over?
After 500
random
condi-
tions?
Has it
reached
200 steps?
Evaluate
results
no
yes
yes
no
no
yes
Figure 3-5: Flowchart of the algorithm used to plot bifurcation diagrams. One pa-
rameter is altered independently. If the walker does not reach a stable solution of
200 steps within 500 attempts, the initial set of parameters is seen as a ‘failure’ and
a cycle with the next input parameter is attempted.
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3.1.5 Validation of results
The model can be set up the same as the compass walker in research from Goswami
et al. [41]. A comparison between the two models is seen in Figure 3-6. An extra
chaotic gait is seen in the current PW model at a slope of 4◦. This nature was not
captured in the model from Goswami et al. [41] however this type of nature has been
noted in previous research [79] and is out of the scope for this thesis.
Slope angle (deg)
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0.8 Model from Goswami et al.
Current PW model
Figure 3-6: Comparison between the current PW model results (blue) and the results
obtained from Goswami et al. [41] (black). Model parameters are mass ratio µ=2 and
length ratio β=1 (see Section 3.2.1). The parameter being altered in these bifurcation
diagrams is the angle of the ground decline, γ.
3.2 Understanding results
3.2.1 Values used for parameters
The dynamics of the model during stance phase is comparable to a double-inverted
pendulum and has four states θ1(t), θ2(t), θ˙1(t) and θ˙2(t). To compare these results
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to clinical observational data, model parameters are arbitrarily selected to be close
to the human locomotor system.
The model is comprised of a mass concentrated at the hip and a smaller mass
placed along each leg. The coordinates of the foot contact is represented as a function
of the leg angle xθ(θ1), yθ(θ1) (derived from roller radius in Appendix 3.1.1) which
allows for flexibility for the shape of the foot. The foot shape may be represented as
a polynomial function with a defined heel length and forefoot length [89, 12], however
in this section, the radius of curvature of the foot is taken as 30% of the leg length
[94, 45] to match empirical data of the human system. To normalise results for the
walking model, the mass ratio is defined,
µ =
Hip mass
Leg mass
=
mH
mA
(3.43)
and leg mass position ratio
β =
Upper leg length
Lower leg length
=
yH − yA
yA
. (3.44)
can be rearranged this to obtain the location of leg mass in terms of coordinates [x, y],
yA =
yH
β + 1
(3.45)
To have a comparison between the model dynamics and human walking, anatomi-
cal parameters are used. Table 3.1 outlines the standard values for the parameters
used. Mahmoodi [88] has derived these dimensionless values for light/medium/heavy
persons from anthropomorphic data obtained by Ohio [105].
3.2.2 Limit cycles and a complete walking step
If given a set of unstable initial conditions, the model will fall over and not complete
a step cycle. In this model the swing leg does not retract; it is assumed that the foot
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Name Notation Value
Leg length L 1m
Total mass
∑
m 80kg
Length ratio β 0.6
Mass ratio µ 3.6
Radius of gyration/leg length R 0.3
Slope angle γ 2◦
Table 3.1: Standard parameters used for the PW model.
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Figure 3-7: Schematic to show how the phase-plane of q evolves over a walking step.
The blue line represents the support leg, while the red line shows the evolution of
the swing leg. The diamonds represents the point at which a heel-strike condition
occurs and the conditions ‘jump’ as the walker reaches another step.
does not scuff on the floor and contact is ignored as the swing leg moves forward.
A successful walking step is reached if the swing leg is in front of the support leg
(θ2 < 0) and is retracting (θ˙2 > 0). An immediate failure occurs if the model falls
(the hip mass touches the ground).
The schematic diagram as shown in Figure 3-7 describes the phase-plane from an
average walking step. The angle of the support leg increases as COM moves forward
and at heel-strike, a completely inelastic collision occurs in a negligible time frame
as the walker loses mechanical energy at the transition. After a few walking steps,
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the model is considered to be ‘stable’, at which point it may have a symmetric or
n-period gait.
Periodic solutions exist for the state of q(t) = (θ(t), θ˙(t)). These orbits in space
state are known as limit cycles, which correspond to the Poincare´ return map. As
can be seen in Figure 3-8, the walker converges to a steady gait from a random set of
initial conditions. As the slope angle γ increases, the walking model exhibits period-
doubling [125], in which the walker converges to a steady asymmetric gait, as one
leg has a different phase-plot than the other. Figures 3-8d and 3-8f demonstrate a
2-period and 4-period gait respectively. For practical reasons, the walker takes 100
steps and the last 32 steps are plotted, so that steady, stable walking is reached and
a symmetry of up to 32-period may be seen. Figure 3-9 shows the inter-leg angle at
heel-strike in respect to an increasing slope angle, γ. As the slope is increased further,
these bifurcations increase to chaotic walking as is highlighted in Figure 3-9c. This
bifurcation can also be seen from changing other gait parameters such as mass ratio
and length ratio [40, 41, 154].
3.3 Point foot vs. curved foot
The simple compass walker model usually has a point foot [37]. Humans tend to
walk on a roll-over shape or effective rocker radius of about 30% the length of the leg
[94, 45, 2], however few models use this as the foot contact. Figure 3-10 outlines a
summary of the gait characteristics of both models as the slope angle, γ, increases.
From the comparison of gait parameters of the two models in Figure 3-10, the curved
foot seems more robust - capable of reaching a larger slope angle (energy input) and a
higher walking velocity. Although point feet may be used for model simplicity, these
results suggest that the rolling contact foot has a significant effect on the gait of the
model.
For the results in this section there are no limits on the arc length of rolling contact
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Figure 3-8: Periodic limit cycles of the point foot model at a slope angle of 4, 5.4 and
5.7 degrees with the phase plane diagrams (right) plotted for the last 32 steps. Plots
on the left show that stable gait is achieved within a few walking steps where each
dot represents θ2 at the end of the step. Phase-plane limit cycles of the left leg (red)
and right leg (blue) show that symmetric periodicity can be seen.
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Figure 3-9: Bifurcation diagram of the point foot contact zoomed in. The red square
shown in (a) is stretched to plot (b) and the blue box in Figures (a) and (b) is
stretched to obtain plot (c).
used, however this may be worth investigating in future research. It is worth noting
that due to there being no limit to the foot length, θ2 remains equal to twice θ1 at
the double-support phase due to geometric constraints. This property is eliminated
if a heel length and forefoot length is added, however the contact angle θ2 can still
be found as a function of θ1 with the double-support constraint.
3.3.1 Gait characteristics
The solution q for each step can be evaluated by its components θ1(t), θ2(t), θ˙1(t) &
θ˙2(t). Gait can be evaluated using spatial and temporal parameters such as inter-leg
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Figure 3-10: Bifurcation diagram comparisons between point foot (black) and roller
foot (blue) PW models as a function of slope angle, γ. The curved foot has a radius
of 30% of the leg length.
angle (analogous to step length), stance time (from heel-strike to opposite heel-strike)
and walking speed [54]. The passive compass walking model can also predict the
energy lost at the double-support to redirect the COM [24]. These gait parameters
help to differentiate the different gait dynamics of each step and relate to human
walking characteristics. The sub-plots in Figures 3-12, 3-13 & 3-14 show the resulting
gait characteristics; (a) Inter-leg angle, θ2 at heel-strike; (b) The time taken between
each step; (c) The average walking speed of each step; (d) The ratio of mechanical
energy lost during the collision at the end of the step. This is discussed in detail in
the next section.
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3.4 Investigating asymmetry in the passive walker
Injury or disability may cause asymmetric walking and alter whole body gait patterns.
In this section, the dynamic effects of changing only one leg (see Figure 3-11) will
be investigated to see how this affects the gait characteristics and the unmodified
contralateral leg. Real world applications may be to investigate the dynamic effects
of mass imbalance due to rehabilitative devices such as prosthetic feet, orthotics or
exoskeletons. Symmetric leg function is not necessarily the aim of rehabilitation
[53], however these results will help distinguish how gait characteristics are affected
by loading conditions or alterations in the effective roll-over shape for the COM
trajectory during stance.
3.4.1 Asymmetric leg masses
A mass imbalance of both legs is common for prosthetic feet and other devices that
affect the weight of the lower leg. Both the quantity and position of the COM of the
leg will have an effect on the mechanics of gait during the stance phase and swing
phase. This section will investigate, in particular, the effects of an asymmetric leg
mass ratio µ and leg COM position ratio β.
The effect of variation of mass ratios and leg ratios has been investigated before in
symmetric passive walkers [40], however there have been few published results on the
effect of asymmetric masses on these models [55]. It is the objective of this research
to quantify the effects of these asymmetries on a range of gait characteristics.
Asymmetric leg mass ratio, µ
The mass ratio µ of one leg (µB = mH/mB) is changed, while the other leg remains
at a constant mass ratio, µB, of 3.6. In a standard pendulum model (without step-
to-step transitions), the quantity of mass will not have an effect on the gait period,
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Leg A remains
unchanged
Figure 3-11: Length ratio
(
βA =
UA
LA
)
and mass ratio
(
µA =
mH
mA
)
of leg A remains
the same, while βB or µB for leg B varies.
as gravitational acceleration is always the same. However, with the inclusion of the
double-support phase, the gait dynamics will be different. The hip mass, mH , and
the mass of leg A, mA, does not change. So referring to Equation (3.43); as the mass
ratio µB increases, the magnitude of the mass of leg B, mB, will decrease.
Figure 3-12 represents the effect of changing µB on various aspects of gait including
inter-leg angle, step period, walking speed and energy lost due to collisions. From
the analysis of gait characteristics, the stance time of a lighter leg was longer than
for the unaltered leg (Figure 3-12b). These results oppose those from empirical data
performed for amputees walking with prosthetic legs [4, 59, 91, 25]. The phenomenon
of a shorter stance time for the prosthetic limb may be due to a variety of reasons,
such as a method to avoid pain and minimise discomfort on the amputated limb and
to minimise the need for controlling the mechanical interaction between the prosthetic
leg and the environment, as the healthy leg would have more control during stance
support. Increasing µB by 30% increased stance time for leg B by 2.45% and reduced
stance time for the heavier leg A by 2.15%. These results suggest that the total mass
of the limb has a direct effect of the stance time of the affected limb, however do
not contribute to an amputees’ shorter stance time. This model can also be used to
estimate the collisional losses for redirecting the COM during the inelastic double-
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support collision. Figure 3-12d shows that although the mass of one leg, mB, has an
effect on the energy lost, the difference does not seem to be significant.
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Figure 3-12: Effect of changing the leg mass ratio µB of one leg on the gait char-
acteristics of the PW with a slope angle of 2◦. The blue points represents gait
characteristics while the unaffected leg is the support leg, while red points indicates
that the modified leg is the support. The other leg remains at µA = 3.6
Asymmetric leg mass position ratio, β
In this case the effects of variation in length ratio (position of the leg COM) is
investigated. As before the contralateral leg remains unchanged at a leg ratio, βA,
equal to 0.6. From Equation (3.45); as the ratio βB increases, the leg mass will be
lower and further away from the hip mass, mH .
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Bifurcation diagrams showing the difference in gait characteristics for both legs
with respect to βB are shown in Figure 3-13. As βB increases, the average stance
time increases (Figure 3-13b), while the walking speed decreases (Figure 3-13c). If
βB is reduced by 35%, the average stance time decreases by 10.66% while the average
walking speed of both legs increases by 8.59%. As βB increases there is also a larger
step length during the higher massed leg in stance, while the leg with the lower mass
has less of a change (Figure 3-13a). These results show that the average gait charac-
teristics of both legs also change, for example increasing βB will decrease the stance
speed of both legs as can be seen in Figure 3-13c. This means that symmetrising the
difference between the two legs may not achieve optimal dynamics comparable to a
healthy gait.
3.4.2 Asymmetric roller radius, R
As discussed in Section 2.1.6, the contact created by the human lower leg system
conforms to a rocker that has a radius of approximately one third the leg length
[94, 45, 2]. The model outlined in this chapter has the capability of using a polynomial
function for the foot contact [89, 12], however the results in this section use a model
with no defined foot length and radius of curvature, RA = 0.3L, where L is the length
of the leg (and donates the position of hip mass, mH). In this section the legs have
a symmetric leg mass ratio and leg length ratio but a variation of rocker radius of a
single leg, RB.
Figure 3-14 represents the effect of RB on gait characteristics for each leg. By only
changing the rocker radius of the one leg, the effect of asymmetric roll-over shapes can
be observed. When viewing the inter-leg variation in Figure 3-14a, it is worth noting
that due to geometric constraints, the inter-leg angle, θ2, is not exactly equal to 2θ1
because of the different rocker radii. These bifurcation plots have been the result of all
stable solutions found within the range. For amputees, a shorter stance time with the
unaffected leg has been attributed to pain in the stump or discomfort, however these
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Figure 3-13: Effect of changing the leg length ratio βB of one leg on the gait char-
acteristics of the PW with a slope angle of 2◦. The blue points represents gait
characteristics while the unaffected leg is the support leg, while red points indicates
that the modified leg is the support. The other leg remains at βA = 0.6
results show that this may be due to the inability of some prosthetic feet to match
an appropriate roll-over shape. There is an almost symmetrical relationship between
the difference in rocker radii on most of the gait characteristics, whether it increases
or decreases; the asymmetric nature is more apparent rather than the average effect
on gait parameters. Figure 3-14d represents the percentage of mechanical energy
loss due to the inelastic collision at double-support. Although there is a significant
difference between the two legs, the average energy lost over a range of steps in not
significant.
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Figure 3-14: Effect of changing the radius of curvature RB of one leg on the gait
characteristics of the PW with a slope angle of 2◦. The blue points represents gait
characteristics while the unaffected leg is the support leg, while red points indicates
that the modified leg is the support. The other leg remains at RA = 30% leg length.
3.5 Discussion of results
This chapter has used a passive walking model with curved feet and independent leg
parameters to research asymmetric walking characteristics. It is worth noting that
these results represent the behaviour expected if neurological controllers are not in-
volved - as the passive walking model has no active controllers. As has been discussed
in Section 2.3.2, the human system adapts to changes in inertial characteristics; these
results informs us how the dynamics are affected due to mass perturbation and asym-
metric roll-over shapes.
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An amputee has a shorter stance time on their prosthetic foot [4, 59, 91, 25]. This
is normally attributed to reasons such as pain or discomfort in the residual limb,
reduced confidence in prosthetic support etc. These results suggest that, although
the inertial characteristics of the limb have an effect on stance time (Figures 3-12b
& 3-13b), a lighter leg is predicted to have a longer stance time. A prosthetic leg’s
higher µ and lower β, lead to dynamics that inherently alter stance time of the lighter
prosthetic foot. Both the length ratio and mass ratio of a prosthetic limb or other
device should be considered as both affect the stance time, step length and associated
asymmetry. For example, a heavy bionic foot would induce a shorter stance time on
the prosthetic. These models can also be used to predict the ratio of mechanical
energy lost due to the double-support redirection of the COM. Figures 3-12d and
3-13d represent the variation of collisional losses, although they do not appear to be
significant.
The effect of roll-over shape also has an effect on the symmetry of gait. The
radius of curvature of the roll-over shape in human walking does not change with
respect to walking speed [47], shoe heel height [45], while carrying extra weight [46]
and walking on inclined surfaces [48]. However if a person’s gait is impaired, this may
have an effect of the roll-over shape an individual is able to conform to. The effect of
asymmetric roll-over shapes has been explored, noting that this may lead to different
stance times, walking speeds and collisional energy for each step (Figure 3-14). It is
also important to note that changing the parameters of one leg has an effect on the
gait characteristics of both the altered and unaltered legs.
As new research is done on prosthetics, orthotics and exoskeletons: these results
are important for understanding the difference in gait dynamics from the effect of
asymmetric loading of leg masses. The different inertias of the legs lead to a change
in gait characteristics and lead to a user having different strategy in leg kinetics to
match kinematics [122]. The next step is to add a spring to the passive walking model
to match the correct GRF pattern. The effect of effective stiffness of an affected leg
will also be investigated.
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Chapter 4
Asymmetric spring loaded inverted
pendulum
In the previous chapter, a passive walking model was used to study asymmetric
gait dynamics. Compass walkers exhibit human-like gait behaviour, however they
do not model the same M-shaped ground reaction force (GRF) pattern as a normal
person. Passive walkers also have an instantaneous double-support phase, which is
not comparable to human walking, as the double-support of human walking lasts
approximately 20-27% of a stride [1].
Traditionally, the inverted pendulum is used to predict the centre of mass (COM)
trajectory during walking, while a springy/compliant leg gave good predictions for
running models. Geyer et al. [39] adapted the spring loaded inverted pendulum
(SLIP) running model into a model to represent walking gait. This induced GRFs
comparable to human gait and marked an improvement over the inverted pendulum
to correctly match the human gait kinematics. This also follows the philosophy in
this thesis that human-like characteristics can be obtained from passive models with
no active controllers. In previous research, comparisons have been made between
the spring-mass model and human walking data [81] and it has been found that
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parameters such as effective leg stiffness and touch-down angle may be estimated
directly from experimentally observed data; force-length curves and motion data.
Although the SLIP model can give good prediction for moderate walking (and medium
running) speeds, the model does not provide successful simulations at faster walking
speeds. Whittington and Thelen [147] extended the SLIP model by adding roller feet
and found that to match ground reactions measured during normal human walking,
simultaneous modulation of limb touch-down angle and limb stiffness were needed to
induce speed-related changes.
Previous models simulate locomotion with equal parameters for both legs. In
this chapter the spring-mass walking model is extended to incorporate asymmetry.
Asymmetric touch-down angle and effective stiffnesses for each leg will be investigated
in Section 4.3 to see their effect on the gait dynamics. As with the previous chapter,
asymmetric roll-over shapes will also be investigated. However as the SLIP model
only has a hip mass with no leg masses, asymmetric leg inertias cannot be investigated
using this model. Gait characteristics such as step length, stance time and maximum
GRF peaks will be described and comparisons made to human gait.
4.1 Equations of motion for the spring loaded in-
verted pendulum
In this section the equations of motion are derived for a system similar to the SLIP
model with roller feet derived by Whittington and Thelen [147], however the state
of the model is represented by the stance leg angle, θ and the leg extension, r, as
the degrees of freedom instead of the [X, Y ] COM coordinates. In comparison to the
previous model in Chapter 3, the mechanical energy of the system remains constant
as there are no collisional losses and the ground is level (slope angle γ = 0).
Figure 4-1 represents the schematic of the SLIP model. Let the location of mass
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Figure 4-1: Spring loaded inverted pendulum (SLIP) model with roller foot during
single-support.
be represented by
X = −xθ(θ) cos(θ) + (yr(r)− yθ(θ)) sin(θ) + s(θ)
Y = xθ(θ) sin(θ) + (yr(r)− yθ(θ)) cos(θ)
(4.1)
Where yr is the leg length and yr = L0 + r; L0 being the original leg length. xθ
and yθ represent the local coordinates of the COP along the foot as in Section 3.1.1.
The model’s potential energy is a combination of gravitational potential and spring
potential,
V = mgY +
1
2
mkr2 (4.2)
and the kinetic energy is a function of the hip mass velocity vector,
K =
1
2
m|~v1|2 = 1
2
m(X˙2 + Y˙ 2) =
1
2
m
((
∂X
∂θ
θ˙ +
∂X
∂r
r˙
)2
+
(
∂Y
∂θ
θ˙ +
∂Y
∂r
r˙
)2)
(4.3)
The total Mechanical Energy (ME) is the sum of kinetic energy, K, and potential
91
energy, V :
ME =
1
2
m
((
∂X
∂θ
θ˙ +
∂X
∂r
r˙
)2
+
(
∂Y
∂θ
θ˙ +
∂Y
∂r
r˙
)2)
+mgY +
1
2
mkr2 (4.4)
The equations of motion are derived via the Lagrange equation
d
dt
(
∂L(q, q˙)
∂q˙
)
− ∂L(q, q˙)
∂q
= 0 (4.5)
and to maintain consistent notation with Chapters 3 & 5, the equations of motions
may be written as:
M(q)q¨ +N (q, q˙)q˙ + V ′(q) = 0 (4.6)
with q = [θ, r] and the matrices given as
M(q) =
M11 M12
M21 M22
 (4.7)
N (q, q˙) =
N11 N12
N21 N22
 (4.8)
V ′(q) =
[
∂V
∂θ
∂V
∂r
]T
(4.9)
with V being the potential energy of the system (Equation 4.2) and the values of
matrices in Equations (4.7) & (4.8) being
Mij = m
(
∂X
∂qi
∂X
∂qj
+
∂Y
∂qi
∂Y
∂qj
)
(4.10)
Nij =
2∑
n=1
∂Min
∂qj
q˙n − 1
2
2∑
n=1
∂Mjn
∂qi
q˙n (4.11)
where i and j represent the location in the matrix and n is the number of variables
(which is equal to two – θ and r).
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4.1.1 Double-support phase
Y
X
yr2yr1
LoadingUnloading
Figure 4-2: SLIP model with roller foot during double-support. The front leg’s load
increases, as the rear leg extends before take-off.
During single-support the extension of the swing leg r2 is not modelled so is equal to
0 when calculating the energy in Equation (4.4). Instead the swing leg is assumed to
land at a defined touch-down angle α. Once the front leg spring makes contact with
the ground, the touch-down event occurs. At the double-support there is no slipping
so the front leg is constrained by the touch down point. The extension of the front
leg at double-support is represented as r2(θ, r1). Therefore at any stage the walker
may be represented by stance angle and spring length, q(t) = [θ(t), r1(t)]. With both
springs in contact with the floor, the potential energy becomes
V = mgY +
1
2
mk1r1
2 +
1
2
mk2r2
2 (4.12)
and the total mechanical energy
ME =
1
2
m
((
∂X
∂θ
θ˙ +
∂X
∂r
r˙
)2
+
(
∂Y
∂θ
θ˙ +
∂Y
∂r
r˙
)2)
+mgY +
1
2
mk1r1
2 +
1
2
mk2r2
2
(4.13)
A schematic of the model in double-support is shown in Figure 4-2. After the
front leg makes contact with the ground, the front spring r2 compresses and the rear
leg spring r1 extends until r1 is equal to 0. At this point, rear leg contact is lost and
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the model switches to the single-support phase again with the front leg being the new
support leg.
4.1.2 Numerical implementation
Similar to the previous model as explained in Section 3.1.4, the walker is given a set
of random initial conditions until stability is reached or there is no successful solution
after 500 attempts. A full walking step comprises of hybrid dynamics. The single-
support phase ends either if the walker falls over or the touch-down event occurs;
when the front swinging leg makes contact with the ground. If the touch-down event
occurs, the double-support dynamics are initiated and this ends when the rear leg
loses contact with the floor (when r = 0 the leg is fully extended). Once this situation
is reached, the next step initiates and the model transfers to single-support with the
opposite leg.
Single-
support
phase
Touch-
down
event
q = [θ1, r1]
Double-
support
phase
q = [θ1, r1]
Rear leg
lift-off
event
Figure 4-3: Flowchart of a complete walking step in the SLIP model. Can be inte-
grated as the ‘Complete Walking Step’ block in Figure 3-5.
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4.1.3 Validation of results
Figure 4-4 demonstrates the similarities between the SLIP model derived in this chap-
ter and the model derived from Whittington and Thelen [147]. The main differences
between the two systems is that Whittington and Thelen’s model has walking speed as
an input with the initial conditions altered to match the objective walking speed and
symmetry is maintained as r˙ = 0 at mid-stance. Whereas the current model uses ME
as a parameter input and relies on eventual stable walking, with symmetry verified
with bifurcation diagrams. Regardless of this, there is an average difference of 1.95%
in the values between the maximum GRF of each roller radius in Figure 4-4. The
advantage of this SLIP is that asymmetry is possible and a constant metabolic energy
cost can be assumed. This provides useful insights when investigating asymmetry as
in Section 4.3.
% stance time
0 20 40 60 80 100
Fo
rc
e 
/ B
od
y 
W
ei
gh
t
0
0.2
0.4
0.6
0.8
1
1.2 R = 0.0 m
R = 0.1 m
R = 0.2 m
R = 0.3 m
Whittington and Thelen
Current SLIP model
Figure 4-4: Comparison between the current SLIP model results and the results
obtained from Whittington and Thelen [147]. Model parameters are k=20kN/m,
α=20◦, m = 80kg, L = 1m and a target walking speed of 1.35m/s
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4.2 Evaluating model results
4.2.1 Limit cycle of stable walking solution
Similar to the previous model in Chapter 3, if given a set of stable initial conditions for
[q, q˙] = [θ, r, θ˙, r˙], the model will settle to a periodic gait cycle. The sequence graph
shown in Figure 4-5a shows that the gait will settle to a steady cycle after a number
of walking steps. It is worth noting that although it may seem that this system
is experiencing dissipation, there is no energy loss in this model. Ruina [112] has
noted previously that a conservative system may demonstrate an apparent asymptotic
stability. Figure 4-5b represents the cyclic pattern of the vertical trajectory of the
COM during a steady, stable gait pattern. If the dynamics are compared to the
passive-walking model (Section 3.2.2), the SLIP model seems to oscillate a lot more,
taking a greater number of walking steps before settling to a steady gait.
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Figure 4-5: (a) Stable sequence walking up to 100 steps shows that the model con-
verges to a steady gait from a random set of initial conditions. (b) Vertical COM
trajectory for each step exhibits a repeated cyclic pattern.
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4.2.2 Ground reaction forces
The Ground Reaction Forces (GRFs) provide insight into how the COM is pro-
pelled/supported by each individual limb. A standard vGRF pattern is shown in
Figure 4-6. In normal human walking, the vertical GRF curve is M-shaped with two
distinct peaks; FY1 is the value of the first peak and FY2 is the second. The hori-
zontal GRF provides insight into the braking and propulsion performed by the limbs.
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Figure 4-6: Ground reactions forces in the X (dotted) and Y (solid) planes of the
leg during stance phase (blue). The GRFs of the other leg is shown during double-
support (red).
The horizontal impulse of each step is also calculated. Integrating the horizontal
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GRFs as in Figure 4-7 can be used to quantify the contribution from each limb to the
braking or propulsion of the body mass. The net impulse represents the momentum
change from each limb: ∫ T
0
Fxdt = m∆vx (4.14)
so the net horizontal impulse, m∆vx, is obtained by integrating the total horizontal
GRF, Fx, over the total stance time the limb is in contact with the ground, T .
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Figure 4-7: The net impulse contribution from each leg is calculated by integrating
the horizontal Ground Reaction Forces (GRFs) during the total stance phase.
4.2.3 Walking parameter domains
Model parameters such as leg length and body mass can be set to an appropriate
value arbitrarily close to the average human parameters. Other parameters such as
Mechanical Energy (ME), touch-down angle, α and effective leg stiffness, k, can be
estimated from experiments but are more difficult to define in this study as a person
may adapt these values based on walking speed [81, 147].
Figure 4-8 shows stable walking is found at certain combinations of ME, α and k
98
with initial spring compression at mid-stance, r0 of 15mm and spring velocity, r˙0 of
0. If the model reaches a stable walking pattern, a voxel is plotted. Empty squares
mean that no stable solution was found from the set of initial conditions. Domains are
separated by the number of ‘humps’ of GRF plot with different modes of locomotion
found; the model having stable solutions with two to six GRF peaks found within the
parameter space shown. In this thesis, interest is directed to the double-hump GRF
pattern as this is the common pattern seen is human walking [62]. The number of
peaks in the GRF pattern are checked from the MATLAB peaks function and verified
via inspection.
Figure 4-8: Parameter domain showing stable walking conditions at combinations
of touch-down angle, effective leg stiffness and mechanical energy. Outside plots
represent the vertical GRF pattern exhibiting two to six peaks seen in this parameter
domain. Only two-peak vGRF patterns (region within red ellipse) are considered in
this chapter.
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4.2.4 Gait characteristics
To help gain understanding of this model, gait characteristics are evaluated at stable
walking conditions. These offer events comparable to human experiments so that
corresponding observation may be made. The gait characteristics later used in Figures
4-9, 4-11 & 4-13 are: (a) inter-leg angle between the legs, θ2, at the end of the step
at touch-down; (b) stance time, the total time the limb is in contact with the ground
for each step (i.e. From heel-strike to toe-off); (c) walking speed, distance per unit
time from touch-down to opposite touch-down and (d) net horizontal impulse during
the stance phase from Equation 4.14. The vertical Ground Reaction Force (vGRF)
has also been quantified by the maximum (e) first vGRF peak, FY1, and (f) second
vGRF peak, FY2, observed for each leg.
Gait characteristics will be evaluated to see the effect of changing one leg’s touch-
down angle or leg stiffness to the symmetry of gait. Schaarschmidt et al. [118] notes
that amputees alter their touch-down angle of the prosthetic to enable forward propul-
sion on the prosthetic, while load bearing is shifted to the intact leg. These spring-
mass walking models also confirm that a larger α increases the peak FY1, while a
shallower α increases FY2 [113]. A faster walking speed also increases both of these
GRF peaks.
4.2.5 Standard model parameters used
Parameters are selected so that the model’s specification is close to human anthropol-
ogy to better compare walking data as previously in Section 3.2.1. Table 4.1 outlines
the variable used for each parameter, unless specifically altered in each section. As
the effects of asymmetry are to be investigated in this chapter, these standard pa-
rameters are selected to provide moderate walking speeds; as this have been shown
to provide good predictions for the SLIP model [81].
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Name Notation Value
Natural leg length L 1m
Total mass
∑
m 80kg
Radius of gyration/leg length R 0.3
Touch-down angle α 20◦
Effective leg stiffness k 25 kN/m
Mechanical Energy ME 860 J
Table 4.1: Standard parameters used for the SLIP model.
4.3 Investigating asymmetry in the spring-loaded
inverted pendulum
Walking is assumed to be symmetric, however injury or neuromuscular diseases may
effect the symmetry of a person’s gait. In this section the effect of asymmetric touch-
down angle α and effective leg spring stiffness k will be investigated. The effects of an
asymmetric roll-over shape will also be explored by investigating asymemtric roller
radius, R. The consequence of these asymmetries on the gait characteristics for both
legs are evaluated. These results will also be used to see if altering leg touch-down
angle or effective leg stiffness is a possible mechanism for adapting gait dynamics.
Experiments can only evaluate differences between an intact and an altered leg, it
can be hard to compare to a normal gait. Using this model, the dynamic effects will
be explored to gain understanding of asymmetric gait dynamics without any adaptive
controllers.
4.3.1 Asymmetric touch-down angle, α
The leg touch-down angle may be used as a control mechanism for desired gait me-
chanics [143]. In this model the legs are massless, with the touch-down angle, α, as
a constant to represent the angle of the swing leg at the point of heel-strike. Sim-
ulations of the model are performed with the model having arbitrary parameters as
described in Table 4.1. One leg has a constant touch-down angle, αA of 20
◦, while
101
variation of the other leg’s touch-down angle, αB, is observed. Figure 4-9 represents
the stable gait characteristics as a function of αB
Inter-leg angle is a function of touch-down angle, α, and stance leg angle, θ, for
a given spring compression, r1, at heel-strike. It seems natural that increasing α
would increase the step length for the contralateral leg (Figure 4-9a). Interestingly,
although the stance time increases with αB, this gait characteristic remains symmetric
although the model has asymmetric touch-down angles between each leg (as can be
seen in Figure 4-9b). Asymmetry is seen in the walking speed for each leg (Figure
4-9c), with a larger touch-down angle decreasing the speed of the next step. If the
touch-down angle of leg B, αB, is 5
◦ shallower, the smaller step length of leg B
increases stance speed by 17%, while the speed during stance of the contralateral
leg A decreases by 28%. An altered touch-down angle modifies the step length and
walking speed while maintaining symmetric stance-time for both legs.
Figure 4-9d represents the net horizontal impulse provided by each leg during
stance phase. The leg with a larger touch-down angle contributes to slow down the
body mass velocity, while the propulsion from the other leg increases. As the touch-
down angle increases, although the vertical GRF peaks become more asymmetric,
the maximum value of the first peak value FY1 does not decrease significantly. If
the stance phase is initiated with a larger touch-down angle, the COM is propelled
with a larger force than the contralateral leg. Figures 4-10a and 4-10b show the
vertical GRFs with αB at 15
◦ and 23◦ respectively. As the touch-down angle becomes
shallower, the trough at mid-stance becomes lower and the model approaches take-off
failure as shown in Figure 4-10a. If the spring retracts completely before the other
leg makes contact with the ground, the model takes off during stance phase which is
characterised by a running gait. Empirical evidence suggest that amputees increase
their intact leg angle of the prosthetic foot [60, 92] which has the effect of minimising
GRFs while increasing propulsion [113].
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Figure 4-9: Effect of changing the touch-down angle of one leg, αB, on the gait
characteristics of the SLIP model. The blue points represents gait characteristics
while the unaffected leg is the support leg, the red points indicates that the modified
leg is the support. The other leg remains at αA = 20
◦.
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Figure 4-10: Vertical Ground Reaction Force (GRF) profile for the SLIP walking
model with the touch-down angle of leg B, αB, being equal to (a) 15
◦ and (b) 23◦
(shown by the red line), while the other leg touch-down angle, αA, remains at 20
◦
(shown by the blue line). The GRF plot for a symmetric model with α being 20◦ for
both legs is plotted as the dashed black line.
4.3.2 Asymmetric leg stiffnesses, k
A linear relationship between the GRF and the length between foot COP and COM
can be used to find the the effective leg stiffness the human system conforms to
during gait. An inverted pendulum model with a compliant (rather than a rigid) leg
has been shown to replicate the GRF behaviour and suggests that human dynamics
during walking are analogous to the spring-mass model. In this section, the effect of
a person with asymmetric leg stiffnesses and the response that has on the person’s
gait characteristics is examined using the SLIP model to predict human walking.
Asymmetric effective leg stiffnesses, k may be a cause of a person’s neuromuscular
activity resulting from an injury or using a prosthetic device and represents the linear
force-length characteristics of the supporting leg.
Figure 4-11 represents the change in gait characteristics with a different effective
leg stiffness value, kB, of the leg B. At kB of 29.5 kN/m, the model exhibits asymmet-
ric walking and after 30 kN/m, no stability is found for the model. Investigation into
these bifurcations is representative of a specific mode which is unlikely to occur, so is
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beyond the scope of this thesis. From Figure 4-11a, it should be noted that although
the step length is relatively symmetric, the overall step length seems to increase as kB
increases. Figures 4-11b & 4-11c show us that a variation of effective leg stiffness has
more of an effect on the step length and walking speed of the unaltered contralateral
leg A, rather than the altered leg B. Research from empirical experiments suggest
that leg stiffness increases with walking speed [64]. This seems counter-intuitive to
the results from Figure 4-11c, as the stiffer leg has a slower walking speed. However,
the spring affects the propulsion energy, which means that a stiffer leg initiates a
faster walking velocity for the next step - or the opposite leg.
Figure 4-11d shows that as kB increases, the horizontal impulses become approx-
imately symmetric. However if kB decreases, the impulses from the legs become
asymmetric, with the stiffer leg having more propulsion, while the compliant leg con-
tributes to braking - reducing the horizontal body mass momentum during stance.
Looking at the maximum GRF peaks in Figures 4-11e & 4-11f, asymmetric k
values increase the maximum forces of both peaks, with the stiffer leg having higher
forces than the compliant leg. If the stiffness of leg B, kB, is reduced by 30%, the
compliant leg GRF peaks decrease by 12% and 17%, while the stiffer unchanged leg
A has increased maximum peaks of 23% and 20% higher for the first and second peak
respectively. It can be seen from Figure 4-12 that the trough of the vertical GRF
curve is altered by variation in the contralateral leg stiffness; although leg B has an
altered stiffness, the mid-stance GRF remains the same.
4.3.3 Asymmetric roller radius, R
The human locomotor system conforms to a roll-over shape of 30% the leg length
[94, 2]. This shape remains constant and doesn’t change with walking speed [47],
heel height [45] or when carrying extra weight [46]. Figure 4-13 shows the effect of
an altered roller radius on the characteristics of gait with the SLIP model. A roller
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Figure 4-11: Effect of changing the effective leg stiffness of one leg, kB, on the gait
characteristics of the SLIP model. The blue points represents gait characteristics
while the unaffected leg is the support leg, the red points indicates that the modified
leg is the support. The other leg remains at kA = 25 kN/m.
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Figure 4-12: Vertical Ground Reaction Force (GRF) profile for the SLIP walking
model with the stiffness of leg B, kB, being equal to (a) 17.5 kN/m and (b) 27.5
kN/m (shown by the red line), while the other leg touch-down angle, kA, remains
at 25 kN/m (shown by the blue line). The GRF plot for a symmetric model with k
being 25 kN/m for both legs is plotted as the dashed black line.
radius, RB, of 0 means that the leg has a point foot. The rocker does not have a
defined foot length.
Increasing one leg’s roller radius, RB increases the stance time on that leg, which
conflicts the prediction seen in the passive dynamic walker in Figure 3-14b from
Section 3.4.2. This importantly shows how due to assumptions in these models, they
may not accurately match human gait dynamics. Variation in RB seems to affect
step length and stance time (Figures 4-13a & 4-13b) which causes a small variation
in walking speed with respect to rocker radius (Figure 4-13c). As RB decreases up
to point foot, the stance time and step length of the contralateral unaffected leg
increases.
Figures 4-13e & 4-13f respectively show the first and second maximum vertical
GRF peaks in relation to a single changing roller radius, RB. A pointed foot has less
of a maximum force than the contralateral flatter foot, although the GRF peaks of
both limbs increase as RB decreases. This means that utilising rolling contact for the
artificial leg has a beneficial effect on the joint loads of the contralateral leg. This
is in agreement with experimental evidence from Adamczyk et al. [2]; increasing the
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roller radius decreases the peak vertical GRFs.
4.4 Discussion of results
A spring loaded inverted pendulum (SLIP) model has been used to investigate asym-
metries in gait mechanics. Using this type of model, it is assumed walking is a mostly
passive system; with stability found through a maintained touch-down angle or ef-
fective leg stiffness. Amputees spend a longer time on their prosthetic foot than the
intact healthy foot [4, 59, 91, 25]. The results from this SLIP model suggest that this
asymmetry is not likely to be due to the difference in touch-down angle (Figure 4-9b).
Although this produces an overall dynamic effect, the simple spring model seems to
adapt the walking speed rather than stance time for asymmetries in α. Reducing the
touch-down angle of leg B by 25% increases the walking speed of the shallower leg in
support by 17%, while the speed of leg A decreased by 28%. A larger step length is
responsible for braking/slowing down the body of mass, while a smaller touch-down
angle accelerates the COM, propelling the body and speeding up the next step.
An altered effective leg stiffnesses, kB, has more of an effect on the gait character-
istics of the contralateral non-affected limb A, than the altered leg B (Figures 4-11b
& 4-11c). Another benefit of the SLIP model is that it is able to simulate the human-
like M-shaped GRF curve. This model suggests that an asymmetric leg stiffness, k,
appears to alter the maximum vertical GRF peaks, as can be seen in Figures 4-11e
& 4-11f. Reducing the stiffness of a leg by 30% decreases the maximum GRF forces
of the compliant limb by 12-17%, while increasing the stiffer contralateral leg GRF
forces by 20-23%. This, in turn, may increases impact forces and joint pain for a
person with a prosthesis that is not the same effective stiffness as the healthy leg.
The effective rocker radius of the foot also modifies the dynamics of gait. A
smaller rocker radius for one foot, RB, increases the stance time and step length of
the contralateral leg as shown in Figures 4-13b & 4-13a. Human experiments from
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Figure 4-13: Effect of changing the rocker radius RB of one leg on the gait charac-
teristics of the SLIP model. The blue points represents gait characteristics while the
unaffected leg is the support leg, the red points indicates that the modified leg is the
support. The other leg remains at RA = 30% leg length.
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Figure 4-14: Vertical Ground Reaction Force (GRF) profile for the SLIP walking
model with roller radius of leg B, RB, being equal to (a) 0.1 m and (b) 0.4 m (shown
by the red line), while the roller radius, RA, remains at 0.3 m (shown by the blue
line). The GRF plot for a symmetric model with R being 0.3 m for both legs is
plotted as the dashed black line.
Adamczyk et al. [2] demonstrate that increasing roller radius of the shoes decreases
peak vertical GRFs. Figures 4-13e & 4-13f show from simulations of the SLIP model,
a larger rocker radius for one foot decreases the maximum GRF peaks for both legs.
These results are intended so that understanding is gained from natural dynamics
of a simplified system to aid in gait rehabilitation. Prosthetic energy storage and
return (ESAR) feet have a similar feature and determine the timing of push-off during
gait. However, the SLIP does not model the ballistics of the swing leg dynamically.
The next Chapter will extend the models from Chapters 3 & 4 to simulate a spring-
loaded passive walker.
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Chapter 5
Spring loaded passive walker
The goal of this chapter is to derive a model which incorporates features from both
the PW model (Chapter 3) and the SLIP model (Chapter 4). A spring loaded passive
walker (SLPW) with masses for each leg is used to investigate the gait characteristics
with unbalanced masses or asymmetric leg stiffnesses. The effects of asymmetric gait
dynamics on the ballistics of the swing leg and the GRFs are quantified in Section
5.5. This model will ultimately provide insight into these effects to help understand
gait rehabilitation from devices and physiotherapy.
5.1 Equations of motion for spring-loaded passive
walker
The compass model described in Chapter 3 [94] is now adapted to include compliant
springs for each leg [39, 113] in order to match the ground reaction forces and give
insight into the double-support phase of human walking. The model’s configuration
can be described by the leg angles θ = [θ1, θ2]
T and the leg extensions r = [r1, r2]
T
as seen in Figure 5-1. θ1 being the angle of the support leg with the normal to the
ground and θ2 being the angle between the support leg and the swinging leg. The
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Figure 5-1: Schematic of the Spring Loaded Passive Walker (SLPW) during single-
support stance phase.
spring extension for the stance leg and swinging leg is respectively r1 and r2. The
state vector q associated with the model is then:
q = [θ, r]T = [θ1, θ2, r1, r2]
T (5.1)
The model has 3 body masses: a mass m3 at the hip at the position P3 and masses
m1 and m2 along each leg at positions P1 and P2 respectively. The locations of mass
along the legs are defined in each local coordinate system {x, y} and {x′, y′} as
yri = Li + ri (5.2)
for i = 1, 2 and Li is the original mass position of the legs under no load. For each
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leg the total length and position of the hip mass is donated by
yHi = LH + ri (5.3)
where LH is the original length of the leg. The global coordinates for each mass are
X1(θ1, r1) = −xθ(θ1) cos θ1 + (yr1(r1)− yθ(θ1)) sin θ1 + s(θ1)
Y1(θ1, r1) = xθ(θ1) sin θ1 + (yr1(r1)− yθ(θ1)) cos θ1
(5.4)
X3(θ1, r1) = −xθ(θ1) cos θ1 + (yH1(r1)− yθ(θ1)) sin θ1 + s(θ1)
Y3(θ1, r1) = xθ(θ1) sin θ1 + (yH1(r1)− yθ(θ1)) cos θ1
(5.5)
where functions xθ(θ1) and yθ(θ1) represent the location of COP and are defined from
Equations (3.2) and (3.3) using the roll-over function. Also for the swinging leg,
X2(θ1, θ2, r1) = (xp2(θ2)− xθ(θ1)) cos θ1 + (yp2(θ2, r1)− yθ(θ1)) sin θ1 + s(θ1)
Y2(θ1, θ2, r1) = −(xp2(θ2)− xθ(θ1)) sin θ1 + (yp2(θ2, r1)− yθ(θ1)) cos θ1
(5.6)
where [xp2 , yp2 ] are the coordinates of point P2 in the {x1, y1} reference frame:
xp2(θ2) = (yr2 − yH2) sin θ2
yp2(θ2, r1) = (yr2 − yH2) cos θ2 + yH1(r1)
(5.7)
5.1.1 Derivation of the equations of motion
The dynamical equations can be derived from the Euler-Lagrange approach:
d
dt
(
∂L(q, q˙)
∂q˙
)
− ∂L(q, q˙)
∂q
= 0 (5.8)
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where the Lagrangian L(q, q˙) is the difference between kinetic and potential energies
L(q, q˙) = K(q, q˙)− V (q).
K(q, q˙) =
1
2
m1|~v1|2 + 1
2
m2|~v2|2 + 1
2
m3|~v3|2 (5.9)
V (q) = m1gY1 +m2gY2 +m3gY3 +
1
2
k1r1
2 +
1
2
k2r2
2 (5.10)
The velocity vectors of each mass m = 1 : 3 are given by
~vm = X˙m~ı+ Y˙m~ (5.11)
and the velocities of each mass are given by
X˙m =
∂Xm
∂θ1
θ˙1 +
∂Xm
∂r1
r˙1 +
∂Xm
∂θ2
θ˙2 +
∂Xm
∂r2
r˙2
Y˙m =
∂Ym
∂θ1
θ˙1 +
∂Ym
∂r1
r˙1 +
∂Ym
∂θ2
θ˙2 +
∂Ym
∂r2
r˙2
(5.12)
By separating out variables for the state vector, the Kinetic energy (Equation (5.9))
may be rewritten as
K =
1
2
M11θ˙1
2
+
1
2
M22θ˙2
2
+
1
2
M33r˙1
2 +
1
2
M44r˙2
2 +M12θ˙1θ˙2
+M13θ˙1r˙1 +M14θ˙1r˙2 +M23θ˙2r˙1 +M24θ˙2r˙2 +M34r˙1r˙2 (5.13)
Where the values for Mij can be found from:
Mij =
3∑
m=1
mm
(
∂Xm
∂qi
∂Xm
∂qj
+
∂Ym
∂qi
∂Ym
∂qj
)
(5.14)
Deriving from the Euler-Lagrange Equations (5.8) and inserting into a state-space
format:
M(q)q¨ +N (q, q˙)q˙ + V ′(q) = 0 (5.15)
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with values of the matrices N and V ′ defined by
Nij =
4∑
n=1
∂Min
∂qj
q˙n − 1
2
4∑
n=1
∂Mjn
∂qi
q˙n (5.16)
and
V ′(q) =
(
∂V
∂θ1
∂V
∂θ2
∂V
∂r1
∂V
∂r2
)T
(5.17)
During single-support stance phase, the swing leg extension, r2 is equal to 0 and
q = [θ1, θ2, r1] (5.18)
This means that during the single-support M and N are 3× 3 matrices and V ′ is a
3×1 matrix. No energy is lost at the collision (shown later in Section 5.1.3), therefore
there is no need for the walker to traverse down a slope. However, adaptations can
be easily made to include a sloped ground and a damper for each leg.
5.1.2 Double-support phase equations of motion
The double-support phase initiates as soon as the swinging leg makes contact with
the ground. The spring of the leading leg now compresses while the trailing leg
decompresses. Double-support lasts until the trailing leg spring completely unloads
(r2 = 0) and the model takes off into the single-support phase [39].
To adapt the single-support maths to the double-support constraint, Lagrangian
constraints are introduced. A schematic of the model during double-support is shown
in Figure 5-2. The variable φ is introduced and represents the angle of the front leg
and
φ = θ1 + θ2 (5.19)
The point at which the front foot is in contact with the floor Pc is represented by its
coordinates Xc and Yc. The point P0 represents the origin of the {X, Y } coordinates
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Figure 5-2: Set-up of SLPW during double support phase. The front leg is in contact
with the ground at position Pc.
of the next step and Pc = P0 when φ = 0. The vertical component of the front leg’s
contact is fixed, so the first constraint is
l = Yc = 0 (5.20)
and both feet are allowed to roll with no slipping, so the horizontal constraint is equal
to the rolling location of the front foot as visualised in Figure 5-3,
k = Xc = X0 + s2(φ) (5.21)
The walker is now constrained at both feet so with inclusion of the Lagrangian mul-
tipliers the Lagrangian becomes
L(q, q˙, κ, λ) = K(q, q˙)− V (q) + κ · k(q) + λ · l(q) (5.22)
So if we add the Lagrangian multipliers, κ and λ, to Equation (5.15) the state space
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Figure 5-3: Constrained during double-support phase with coordinates evaluated at
the rear leg and Lagrangian constraints added to the front foot.
equation during double-support is
M(q)q¨ +N (q, q˙)q˙ + V ′(q)− κ · k′(q)− λ · l′(q) = 0 (5.23)
There are now 6 unknowns: θ1, θ2, r1, r2, κ and λ. Deriving from Equation (5.12),
The accelerations of Xc and Yc are:
X¨c =
4∑
i=1
4∑
j=1
∂2Xc
∂qi∂qj
q˙iq˙j +
4∑
i=1
∂Xc
∂qi
q¨i =
d2s
dt2
(q1, q2)
Y¨c =
4∑
i=1
4∑
j=1
∂2Yc
∂qi∂qj
q˙iq˙j +
4∑
i=1
∂Yc
∂qi
q¨i = 0
(5.24)
and the solution for q¨ can now be resolved from Equations 5.23 and 5.24.
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5.1.3 Collision mechanics before double-support
As the swing leg makes contact with the floor, the system transfers from single-
support to double support. The SLIP model from Chapter 4 comprises of just a hip
mass so there is no change of momentum once the front virtual leg makes contact
with the ground. In this SLPW model, the front leg has a defined mass, and this
constraint leads to a change in momentum as the front swing leg becomes constrained
with the ground.
The SLIP model reduces collisional losses between each step due to global elastic
behaviour [81]. From the passive walking model, a push-off just before touch-down
is hypothesized to reduce collisional losses [73, 23, 15]. For this SLPW model, it is
assumed that an impulse is sent from the rear leg immediately before touch-down
so that kinetic energy is maintained as the front foot collides with the ground. This
leads to the following assumptions:
• Kinetic energy is maintained during the collision.
• Angular momentum of the stance leg and hip mass about the rear leg contact
is conserved.
• The horizontal front leg contact velocity, X˙c, is equal to the front leg rolling
velocity s˙2 after the collision.
• The vertical front leg contact velocity, Y˙c, is equal to zero after the collision.
or to express this into equation form:
• K− = K+
• m1|~v1|− +m3|~v3|− = m1|~v1|+ +m3|~v3|+
• X˙c+ = s˙2(φ, φ˙)
• Y˙c+ = 0
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5.1.4 Numerical implementation
The SLPW model comprises of hybrid dynamics consisting of single-support and
double-support phases. As with the SLIP model, the model transfers to single-support
when the rear leg extends and loses contact with the floor (when r1 = 0). When the
swinging leg makes contact with the floor again and is retracting (i.e. θ˙2 > 0 as
with PW model) the touch-down event occurs. Momentum transfer ensures that
mechanical energy and angular momentum is maintained with no foot slipping and
the model’s dynamics alters back to double-support at the start of the next step.
Double-
support
phase
q = [θ1, θ2, r1, r2]
Rear leg
lift-off
event
Single-
support
phase
q = [θ1, θ2, r1]
Touch-
down
event
Momentum
transfer
Figure 5-4: Flowchart of a complete walking step in the SLPW model. Can be
integrated as the ‘Complete Walking Step’ block in Figure 3-5.
5.2 Limit cycle of stable walking solution
Figure 5-5a show that with a random set of initial conditions, the model can settle
to a stable walking cycle within a few steps. The leg kinetics and kinematics during
a walking step can be visualised with the help of a phase-plane diagram. Figure 5-5b
shows the evolution of the walker at a stable, symmetric gait pattern. This phase-
plane diagram can provide important insight into the characteristics of the dynamics
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of walking. During swing phase, the swing leg extension, r2, and velocity, r˙2, are
locked at zero until the swing leg makes contact with the ground again.
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Figure 5-5: (a) Stable sequence walking up to 100 steps shows that the model con-
verges from a random set of initial conditions. (b) Phase plane shows a full cycle of
model for both steps.
5.3 Parameter domain for SLPW model
While parameters such as body mass, M , and leg length, L, are fixed for an individual,
Mechanical Energy (ME) and effective leg stiffness, k, are variable with walking speed.
Figure 5-6 shows the that stable solutions are found for combinations of ME and k.
Domains may be separated by the number of ‘peaks’ in the ground reaction force
(GRF) curve. In normal human walking, the GRF curved is M-shaped, having 2
defined ‘peaks’ as shown in Figure 2-4. For the following results of investigations into
asymmetry, only results with 2 peaks will be considered.
120
M
e
c
h
a
n
ic
a
l 
E
n
e
rg
y
, 
J
690
695
700
705
710
715
720
725
730
Leg stiffness, k, kN/m
10 15 20 25 30 35 40
Figure 5-6: Parameter Domain showing stable walking conditions at combinations
of effective leg stiffness and mechanical energy. Outside plots represent the GRF
pattern exhibiting two to six peaks seen in this parameter domain. Only two-peak
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5.4 Model parameters
As with the previous models, the model specifications are selected to be similar to
human walking parameters. Values for the total body mass, M , the leg mass ratio, µ,
and leg length ratio, β, are estimated using anthropomorphic data from Ohio [105].
Effective leg stiffness is estimated from human gait data by studying the force-length
curves [81] or by looking into the parameter space for an appropriate walking speed.
The roll-over shape is replicated using a rocking contact of 30% leg length [47]. Table
5.1 outlines the standard parameters used in the following sections, unless a specific
variable is stated to have been altered to investigate asymmetry.
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Name Notation Value
Natural leg length L 1m
Total mass
∑
m 80kg
Length ratio β 0.6
Mass ratio µ 3.6
Radius of gyration/leg length R 0.3
Effective leg stiffness k 18kN/m
Mechanical Energy ME 710J
Table 5.1: Standard parameters used for the SLPW model.
5.5 Investigating asymmetry in the spring-loaded
passive walker
To gain understanding of this model and make comparisons with the human locomotor
system, gait characteristics are defined as follows: (a) inter-leg angle, the angle made
between the legs, θ2, at the end of the step at heel-strike; (b) stance time, the total
time the leg is in contact with the ground for each step (i.e. from heel-strike to toe-off);
(c) walking speed, distance per unit time from touch-down to opposite touch-down
and (d) net horizontal impulse from the leg during stance phase. The vertical GRF
has also been quantified by the maximum (e) first vGRF peak and (f) second vGRF
peak observed for each leg.
UB
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Figure 5-7: Length ratio
(
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)
, mass ratio
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)
and leg stiffness of leg
A, kA, remains the same while βB, µB or kB for leg B varies.
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Figure 5-7 represents the asymmetric SLPW used to investigate asymmetry. The
parameters for legB are changed independently, while the parameters for leg A remain
constant for each section in this chapter with the unchanged values found in Table
5.1.
5.5.1 Asymmetric leg masses
The effects of asymmetric leg masses on the dynamics of gait have been shown in
the PW model in Section 3.4.1, however the current SLPW model more accurately
predicts the double-support time and simulates the effect on the GRFs. Prosthetic
feet generally weigh about 1/4 of the weight of the effective physiological leg, with
energy expenditure increasing if it is loaded to the same value [36]. The mass ratio,
β, of a transtibial amputee is approximately 4.7, while the COM position ratio is
estimated to be 0.38. Other devices such as bionic prosthetics or exoskeletons can
make the limb weigh a lot more than average. With this model, the effect of altered
mass and mass position can be seen in the passive dynamics of gait.
Asymmetric leg mass ratio, µ
The mass ratio, µ, is the ratio of hip mass to leg mass. A higher mass ratio of the
leg will lead to a lighter leg. Leg A has a constant mass ratio, µA, of 3.6. Figure 5-8
shows the evolution of gait parameters with one leg altered to evaluate the asymmetry
of gait. A minimum of mass ratio of leg B, µB, of 3.49 is achieved before the model
performs chaotically and stable walking below this region is not found.
Figure 5-8c shows the evolution of walking speed for both stance times as the
mass ratio of leg B, µB, increases. The model is not robust enough to deal with a
large variation of asymmetric µ as compared to the rigid passive walker in Chapter 3.
The model retains symmetry from alteration of µB, however the total walking speed
increases as one of the legs becomes lighter. The gait characteristics for the rigid
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passive walking model outlined in Section 3.4.1 are not symmetric. It is important
to note that a walking model with compliant legs reacts differently to asymmetries
in leg mass ratios compared with the previous PW model in Chapter 3.
The maximum vertical GRF peaks, shown in Figures 5-8e & 5-8f, do not change
much until the one leg reaches a mass ratio, µB of 3.78 and the net horizontal impulse
starts to become rapidly asymmetric (5-8d). In this model, the horizontal impulse
from a lighter leg increases. It may be interesting to investigate the stability when a
lighter foot cannot provide the necessary impulse, for example with passive prosthetic
feet.
Asymmetric leg mass position ratio, β
The SLPW is comprised of a hip mass and two leg masses. The COM of the leg mass
is at a position along the leg, Li, shown in Figure 5-7. A higher leg position ratio,
βB, leads to a lower position of mass, yB. Changing the position of mass of the leg
does not seem to change the stance time appreciably as can be seen in Figure 5-9b.
However, from Figures 5-9a & 5-9c it can be seen that the inter-leg angle and walking
speed both increase with a lower position of mass. Hekmatfard et al. [50] investigated
the effects of prosthetic mass distribution to and found that with a higher βB, the
speed and step lengths of the prosthetic were significantly larger than those of the
intact limb which is in alignment from the results of these simulations.
Figure 5-9d represents the net horizontal impulse from each leg. A lower leg
mass contributes more to propulsion, while a higher leg mass contributes to braking.
Figures 5-9e and 5-9f display the first and second vGRF peaks, FY1 and FY2, respec-
tively. A larger value for βB increases FY1 of leg B more than leg A. Increasing βB
also increases the maximum FY2 for both legs. Figure 5-10 shows the vGRF profiles
for both legs with an altered COM location of leg B, βB of 0.67. The first and second
peak of the altered leg vGRF profile increased by 15.4% and 7.7% respectively. The
unaltered leg A’s vGRF peaks (with βA remaining at 0.60) increased by 4.7% and
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Figure 5-8: Effect of changing the effective leg mass ratio, µB, of one leg on the gait
characteristics of the SLPW model. The blue points represents gait characteristics
while the unaffected leg is the support leg, the red points indicates that the modified
leg is the support. The other leg remains at µA = 3.6
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11.2% respectively; comparing to the symmetric unaltered model.
This model becomes unstable below βB values of 0.56. Although there are lim-
itations of the model to predict below this point (while keeping the other variables
the same), the type of asymmetric behaviour is clearly seen. It is not known how a
person would adapt other variables - such as ME and k - to maintain stable walking
conditions with an altered β.
5.5.2 Asymmetric leg stiffness, k
Effective leg stiffness in human walking is characterised by the force-length curve
during gait. The length being the distance between the centre of mass (COM) and
centre of pressure (COP) during stance phase and the ground reaction corce (GRF)
obtained via force plates. A spring-loaded inverted pendulum model is able to sim-
ulate the double-hump GRF as seen in human walking with a linear relationship for
the spring stiffness providing a good estimation at normal walking speeds [81].
By keeping all of the other variables the same, and just changing the leg stiffness
of leg B, kB, the effect on gait characteristics such as walking speed, step length
and peak vertical GRF forces are investigated to gain understanding of asymmetric
gait dynamics resulting in Figure 5-11. From Figures 5-11a & 5-11b, it can be seen
that a larger kB, induces a smaller step length for leg B and a longer stance time
for leg A. This results in a slower walking speed for the stiffer limb. A stiffer leg
reduces the maximum vertical GRF peaks, while increasing the vGRF for the more
compliant contralateral leg as can be seen in Figures 5-11e & 5-11f. These forces may
increase loading on the joints and cause further discomfort not just for the affected
leg but also for the unaffected leg and may be why amputees suffer from higher
rates of osteoarthritis on their sound limb [27, 103, 114]. Figure 5-12a represents the
vertical GRF profile with kB equal to 16kN/m. For the altered leg B, the first and
second peaks increase by 7.3% and 4.9% respectively, while the vGRF peaks for leg
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Figure 5-9: Effect of changing the effective leg mass position ratio, βB, of one leg
on the gait characteristics of the SLPW model. The blue points represents gait
characteristics while the unaffected leg is the support leg, the red points indicates
that the modified leg is the support. The other leg remains at βA = 0.6
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Figure 5-10: Vertical ground reaction force (GRF) profile for the SLPW walking
model with COM ratio of leg B, βB, being equal to 0.67 (shown by the red line),
while the other leg COM ratio, βA, remains at 0.60 (shown by the blue line). The
GRF plot for a symmetric model with β being 0.60 for both legs is plotted as the
dashed black line.
A decrease by 10.3% and 6.9%. Similarly, increasing kB to 20kN/m increases leg A’s
vertical GRF peaks by 9.9% and 9.0% while decreasing leg B’s first and second peaks
by 1.9% and 0.7% respectively.
Interestingly, these results contradict the results from the SLIP model in the
previous chapter as shown in Figure 4-11. The SLIP model ignores the ballistics of
the swing leg, and instead assumes that the swing leg makes contact with the ground
at a constant defined touch-down angle, α. These results show that spring stiffness
has an effect on the swing leg dynamics and needs to be considered; with a more
compliant limb having a greater push-off, a larger step length and a shorter swing
time.
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Figure 5-11: Effect of changing the effective leg stiffness of one leg, kB, on the gait
characteristics of the SLPW model. The blue points represents gait characteristics
while the unaffected leg is the support leg, the red points indicates that the modified
leg is the support. The other leg remains at kA = 18 kN/m.
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Figure 5-12: Vertical ground reaction force (GRF) profile for the SLIP walking model
with the stiffness of leg B, kB, being equal to (a) 16 kN/m and (b) 20 kN/m (shown by
the red line), while the other leg touch-down angle, kA, remains at 18 kN/m (shown
by the blue line). The GRF plot for a symmetric model with k being 18 kN/m for
both legs is plotted as the dashed black line. Both maximum peaks are larger for
the compliant limb.
5.5.3 Asymmetric roller radius, R
The roller radius or roll-over shape [47] represents the kinematic trajectory of the
hip during stance phase and provides better estimations than the point-foot inverted
pendulum [147]. The roll-over shape that most people conform to is a radius of ap-
proximately 30% of the leg length [94, 2]. People will adapt their ankle kinematics
to maintain this roll-over shape [145]. If a person is impaired due to injury, neuro-
muscular problems or from an improperly aligned prosthesis/orthosis, this roll-over
shape may not be optimal.
To investigate the effects of asymmetry in roll-over shape, this model simulates
walking with a variation of one leg’s rocker radius, RB. A larger radius of curvature
produces a flatter foot, which increases the stance time and inter-leg angle at heel-
strike for that leg, while decreasing the value for the contralateral limb (Figures 5-13a
& 5-13b).
From Figure 5-13d it can be seen that a flatter foot contributes to propulsion and
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a point foot contributes to braking during steady state walking. A small variation
is seen in the contributions to the vertical GRF peaks in Figures 5-13e and 5-13f.
Full vertical GRF plots are shown for RB equal to 0.26m and 0.33m in Figures 5-14a
and 5-14b respectively. The first peak, during the first half of the stance phase has a
larger variation with the flatter foot having a larger vertical GRF.
5.6 Discussion of results
To gain understanding into the dynamics of asymmetric gait, a new model is pro-
posed: a spring-loaded passive walking model with rolling feet. This model produced
symmetric, stable walking with kinematics and kinetics similar to human gait. Vari-
ations of a single leg’s mass ratio, µB, length ratio, βB, leg stiffness, kB, and rocker
radius, RB, were simulated and gait characteristics for stable walking conditions were
found that exhibited asymmetric gait patterns.
A prosthetic foot has a smaller push-off force, longer step length, longer swing
time and a shorter stance time than the intact limb [92]. According to research from
Zelik et al. [151], a softer spring for a prosthetic leads to greater energy storage, energy
return and prosthetic limb COM push-off work. Amputees experience a larger FY1
peak on their intact limb compared to their prosthetic limb and a greater chance of
osteoarthritis for the sound limb [27, 103, 114]. This model suggests that a larger force
for the sound limb may be due to a stiffer contralateral prosthetic limb. A larger leg
stiffness of leg B, kB, induced a slower walking speed, with a shorter inter-leg angle
and longer stance time for the stiffer limb. The maximum peaks for the ground
reaction forces (GRFs) shows that a stiffer limb reduced maximum forces for that
limb while increasing the forces for the unaffected, more compliant, contralateral limb.
Reducing a limb stiffness from 18 kN/m to 16 kN/m increased the first and second
maximum vGRF peaks by 7.3% and 4.9% respectively, while decreasing the vGRF
peaks for the stiffer contralateral limb by 10.3% and 6.9% respectively. Previous
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Figure 5-13: Effect of changing the rocker radius RB of one leg on the gait character-
istics of the SLPW model. The blue points represents gait characteristics while the
unaffected leg is the support leg, the red points indicates that the modified leg is the
support. The other leg remains at RA = 30% leg length.
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Figure 5-14: Vertical ground reaction force (GRF) profile for the SLIP walking model
with the stiffness of leg B, RB, being equal to (a) 0.26 m and (b) 0.33 m (shown by
the red line), while the other leg touch-down angle, RA, remains at 0.30 m (shown
by the blue line). The GRF plot for a symmetric model with R being 0.30 m for
both legs is plotted as the dashed black line.
research suggests that the ankle provides a larger impulse for the trailing leg than the
remaining body during the launching phase [82]. This behaviour was not simulated
using the SLIP model as the legs are massless.
The mass and centre-of-mass position of a single limb were varied to investigate
how the inertial properties of the limb affect gait. Variation of the mass ratio of
the leg, µ, retained symmetry however the walking speed increases with increasing
µB. The position of leg COM may also be represented by the leg length ratio, βB.
From alterations of βB the stance time remains the mostly unchanged. However, the
step length and walking speed increases for a lower limb mass, while decreasing the
step length for the unchanged mass. A study by Hekmatfard et al. [50] investigated
the effect of changing the prosthetic COM and found that there were no significant
changes for increasing the weight of the prosthetic, however adding weight to the ankle
- and lowering the position of prosthetic COM location - induced higher stepping
speeds and step lengths for the prosthetic limb than the intact limb. This is the
same results for the SLPW model investigated in this section. These results were not
replicated with the rigid legged PW walker in Section 3.4.1.
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The SLPW model is not robust enough to handle large asymmetries. Prosthetic
feet are around µ and β. Importantly, the gait dynamics of one leg will have an effect
not just on an altered limb but also on the gait characteristics of the contralateral
unaffected limb.
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Chapter 6
Conclusions
6.1 Motivation
Amputees suffer from high rates of residual limb and back pain [28] and increased
risk of falling that has an effect on their quality of living [70, 96]. A person may
want to achieve symmetric walking to walk more cosmetically, expend less energy
or have natural joint loads to reduce further injury. Unilateral lower-limb amputees
demonstrate significantly increased rates of osteoarthritis in their sound knee [104,
114] and individuals with transfemoral (above-knee) amputations are three times
more likely to develop hip osteoarthritis than transtibial (below-knee) amputees [71].
Prosthetics or orthoses are devices used to rehabilitate a person’s gait and ulti-
mately improve their quality of life. The aim of this thesis is to use dynamic walking
models to understand how walking characteristics are affected by gait asymmetries
and to provide insight into rehabilitation to improve the understanding of prosthetic
and orthosis design. To accomplish this, passive walking and spring-mass models were
used without active controllers. These have been shown to exhibit human-like gait
behaviour and have been used as models before to describe locomotion biomechanics
[26, 81, 152, 127].
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6.2 Discussion of Results
In this thesis, dynamic walking models with no controllers or actuators are utilised
to gain an understanding of the effects of asymmetric masses, leg stiffnesses and
roll-over radii on the passive dynamics of gait. The passive walker (PW), spring-
loaded inverted pendulum (SLIP) and spring-loaded passive walker (SLPW) provided
insights into the stability and symmetry of bipedal walking dynamics with a range of
asymmetric parameters. Gait characteristics such as walking speed, step length and
ground reaction forces (GRFs) were evaluated to provide insight into how locomotion
is affected by altered parameters.
A prosthesis usually weighs 30-40% of the weight of an intact limb [92] and this
mass imbalance has an effect on the dynamics of walking [131, 55]. However, matching
a prosthesis’ inertial properties to the intact limb produces greater asymmetries and
higher energy costs [92, 132], demonstrating that mass imbalance is not the only
factor that affects an amputee’s gait. Research from Selles et al. [122] shows that
amputees will adapt to mass perturbations by maintaining their joint kinematics
(joint angles), rather than their kinetics (joint torques). The research in this thesis
outlines how the dynamics of gait is affected by the mass and the position of the centre
of mass (COM) of the leg. The PW and SLPW models predict that asymmetric gait
characteristics are more sensitive to position of leg COM ratio, β, rather than mass
ratio, µ. Empirical results suggest that lowering the position of prosthesis COM by
adding a mass to the ankle produces a more noticeable effect than adding mass to
the thigh [78, 50, 132]. Significant asymmetries for altered βB were found only with
the inclusion of modelling springy legs in the SLPW model, which had the effect of
simulating a correct human-like GRF pattern. The SLPW also predicts a shorter
stance time for a prosthetic leg which is seen in amputees [4, 59, 91, 25] and predicts
that a higher COM position of a residual limb contributes to larger forces in the sound
limb.
The SLIP model has a single concentrated mass at the hip and the touch-down
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angle of the leg at the beginning of a step is defined by α. Using the SLIP it is
concluded that an asymmetric touch-down angle or effective leg stiffness does not
induce asymmetries in stance time but causes an alteration in inter-leg angle and
step speed symmetry. This is in alignment with empirical evidence that there is
a significant relationship between step length and walking velocity [98]. Although
the stance time remains symmetric, the variation with respect to αB is noticeable,
meaning that altering the dynamics of one limb will also alter the effects of the healthy
contralateral limb by an appreciable amount.
The SLIP model predicts that a stiffer leg will have higher vGRF forces, while the
SLPW model predicts the opposite; a more compliant leg will have larger vGRFs.
Discrepancies are due to the propulsion of the swing leg as the SLPW simulates the
leg masses to predict the ballistics of the swing leg. Previous research suggest that the
ankle propulsion provides a larger impulse to the swing leg than the remaining body
[82], which is not simulated in the SLIP model. Importantly, an altered leg stiffness
has a noticeable effect on the opposite contralateral limb, which could suggest why
amputees have larger rates of osteoarthritis on their sound limb [114]. Experimental
results suggest that the sound limb is exposed to higher vertical reaction forces, with
the prosthetic foot design having a direct effect on the reaction forces [133].
By studying the dynamics of the SLPW model, it can be seen that a stiffer leg
results in smaller touch-down angles and peak vGRFs for that limb, while increas-
ing the vGRFs and decreasing the stance time of the more compliant contralateral
limb. An amputee exhibits less push-off force from their prosthesis [78] with a longer
stump length increasing propulsion from the residual limb [98]. The impulse from the
prosthetic leg may be improved with altered touch-down angle [118] or a lower spring
stiffness [151].
By aligning the centre of pressure (COP) of the foot along a coordinate system
aligned with the stance leg, it can be seen that people walk on a rocker roller radius
of about 30% the leg length. This roll-over shape does not change with variation
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of walking speeds [47], ground inclines [48], heel height [45] or added weights to the
torso [46]. The design of prosthetic limbs and ankle-foot orthoses determine the COP
progression during walking. The effect of asymmetric roller radii can be seen in all
three of the models used, with the walking speed increasing for the foot with the
larger roller radius, RB. The PW and SLPW, two models with leg masses, had the
most noticeable asymmetries; however the larger RB resulted in a shorter stance time
for the PW model and a longer stance time for the SLPW.
The discrepancies between theoretical models and experimental findings may be
due to poor methodologic quality of the experiments as well as the limited predictive
value of existing models [121]. Although there are limitations to these models, this
work may be used to explore methods for improving prostheses and gain insight into
the reasons amputees expend more energy. This work can be used to gain investigate
how gait asymmetries are affected by dynamic effects rather that physiological or
neurological problems and ultimately design clinical experiments to help design future
prosthetics, orthotics or exoskeletons intended for gait rehabilitation.
6.3 Future work
In this thesis, gait characteristics are evaluated at steady and stable walking condi-
tions. Delving further into these models, it may be worth investigating the robustness
of certain gait parameters and how quantify the amount of time needed to retain
steady, stable walking after a perturbation [37]. Basin of attraction computations
would quantify the ability for the model to recover under random perturbations such
as slipping or uneven ground [120]. Further research may also include investigations
into asymmetry at a range of walking speeds. Research shows that walking asymme-
tries due to prosthesis are reduced at higher walking speeds [25, 103]
Naturally there is space for these simple models to gain complexity by adding
active controllers, an upper torso for balance [34] or knee and ankle joints [139]. Ex-
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tending these models into 3D may be used to investigate lateral balance and stability
[53]. The swing leg mechanics of the SLPW model can also be improved by adding
compliance to the swinging leg instead of a rigid link [134]. The virtual pivot point
(VPP) methodology for control (as discussed in Section 2.2.6) may provide a simple
control method for biped models. Sharbafi and Seyfarth [126] uses a spring-mass
model with a controller for the swing leg and VPP control to mimic gait dynamics.
This VPP is seen in humans and other animals as a phenomenon during walking,
it would be interesting to see if this is appropriately used by persons walking with
impairments to maintain stable gait.
A linear spring stiffness has been assumed to mimic the dynamics of gait [81],
however it may be worth investigating nonlinear spring stiffnesses at different walking
speeds or the effect of a damping mechanism. The ankle mechanics can be described
with a ‘catch’ mechanism [82], with the ankle rapidly unloading before the swing
phase. The timing of ankle push-off may be incorporated into devices such as pros-
thetic feet or exoskeletons [117] to help people walk with minimal energy costs and
reduce excessive joint loads.
This research is intended to provide an understanding to help design further exper-
iments. 3D musculoskeletal models simulate muscles, ligaments and bone structures
for biomechanical analysis [21, 19, 128, 13, 86]. Joint forces, moments and the muscu-
lar power required to perform certain motions are estimated from gait data and body
positions. These multibody systems can also be used to explore gait with changing
musculoskeletal geometry and other model parameters. It would be interesting to
compare the results of these passive models to these complex musculoskeletal simu-
lations with embedded control.
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Appendix A
Calculating the Ground Reaction
Forces
In between each collision, there are no external forces on the system, therefore angular
momentum is conserved and the line of action points towards the COM. This method
is similar to Whittington and Thelen [147]’s method of finding the GRFs, except with
the inclusion of leg masses if being used for the SLPW model and a schematic shown
in Figure A-1. Thus, the ground force vector for each limb is given by:
θla = tan
−1
(
XCOM − s
YCOM
)
(A.1)
The component of GRF vector acting along the spring (and along the y-axis) is
Fy = k1r1 (A.2)
Knowing the spring force Fy and the force vector direction θla, the force perpendicular
to the spring, Fx is
Fx = −Fy tan(θ1 − θla) (A.3)
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The resultant force is then FR =
√
Fx
2 + Fy
2 and acts from the COP to the COM
at an angle of θla. The vertical and horizontal anterior-posterior GRFs can now be
determined:
FX = FR sin(θla) (A.4)
FY = FR cos(θla) (A.5)
Y
X
θla1 θla2
Centre of Mass
Line of action
vector angles
FY 1
FX1
FY 2
FX2
FR1 FR2
(a) The line of action θla for each limb points from
the COP to the COM.
θlaθ1
FY
FX
FR
Fy
Fx
(b) The Ground Reaction Force
(GRF) vectors FX and FY for each
limb are calculated from the spring
force Fy and the angle of line of ac-
tion vector θla.
Figure A-1: Calculating vertical and horizontal GRFs knowing the location of COM,
COP and spring extensions.
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Glossary
Contralateral limb Opposite limb
Dorsiflexion Movement of the ankle so that toes move towards the shin
Force platform An instrument that measures ground reaction forces
(GRFs)
Inter-leg angle The angle between the legs, θ2
Kinematics The study of motion of objects
Kinetics The study of forces that cause motion
MATLAB ode45 A numerical integration solver that uses the
Runge-Kutta method
Metabolic energy Biological energy spent
Residual limb Limb that has suffered an amputation
Roll-over shape Effective rocker shape that the lower-limb system conforms
to during stance phase
Stance phase Period of time while leg is in contact with the ground
Step Heel-strike from opposite leg heel-strike
Stride Full walking cycle from heel-strike to same leg heel-strike
Swing phase Period of time while leg is in the air
Touch-down angle Angle of the swing leg at the floor collision, denoted by α
or φ
Transfemoral Above knee
Transtibial Below knee
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